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Standard notation/terminology: throughout the script,

e r.v. stands for random variable: unless specified otherwise, r.v. are real-valued and usually repre-
sented by uppercase letters;

o (02, A,P) is a probability space; throughout the script, w represents an element of 2; when there is
no ambiguity, we write LP instead of LP(Q, A, P);

e 1{B} is the indicator function of a measurable set B;
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e Py is the distribution of the r.v. Y;
e a.s. means “almost surely”, i.e. that the event we are speaking of holds with probability 1; addition-
ally ”for almost all w” means for w in a set of probability 1.

Part A. Conditional expectation
1. DISCRETE CONDITIONING

Reminder: if A, B are measurable sets with P(B) > 0, then we set P(A|B) = P(]P,?;)B).
More generally, if X € L' or X > 0, then we have

But, what if we want to condition on a random variable Y and not on an event B?7 What is the expectation
of X knowing Y'? This depends on the value of Y.. We will define E[X|Y] as a function of Y.

Definition 1.1. Consider r.v. X : Q@ - R and Y : Q — S, where Y takes values in a countable set S.
Assume X € L' or X > 0. Then the conditional expectation of X knowing Y is defined as E[X|Y] = p(Y),
where, for y in S,

y) > 0;
y) =0.

Warning: E[X|Y] is a random variable Q — R, like X, and not a number like E[X].

undefined if P(Y

oly) = {E[Xw =yl Ry

Ezample. Assume Y ~ Poisson(A) and X ~ Binomial(Y,p).
If Y = n, then X ~ Binomial(n,p) and E[X|Y =n] =np. Thus E[X|Y] =Y p.
Less intuitively, we can also consider E[Y'|X] by computing E[Y|X = k] for all k

o PY =nX=k D,xnPY =n)P(X =k[Y =n)
E[Y|X =K=D n P(X =k) : P(X = k) '

n>k

The denominator is computed as follows:

m K NTe™A Ap)Fe=?p
POC= ) = 3 B =Y = mpp(y =m) = 3 (1) gt e < P
m>k m>k ’ :
Simplifying we get
n—k(1 _ \n—k
E[Y|X = k] :67>\+>\pzn% e — k4 (1—p)A

(n—k)!

n>k
Comparing with the definition of conditional expectation, we conclude that E[Y|X] = X + (1 — p)\.

Remark. (i) Let 8" = {y € S|P(Y = y) = 0} be the set where E[X|Y] is undefined. Since S is countable,
we have Py (S') = P(Y € §’) = 0. Therefore ¢ is well defined Py almost surely, and E[X|Y] is defined
almost surely.

(ii) Call (4;);er the partition of Q induced by Y, i.e.

{Aiely={Y Ys),sc S}

The conditional expectation E[X|Y] depends only on Y through the partition (A4;);cs. For instance we
have E[X|Y] =E[X|1 - Y].

Proposition 1.2. Let X € L' and Y : Q — S as above. For all bounded functions g : S — R we have
(cp) Elg(Y)E[X|Y]] =E[g(Y) X].

The same holds for X > 0 and all nonnegative functions g : S — R.
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Proof. We have

E[g(V)EX|Y]] =Y P(Y EX|Y =k =) g(h)E[X 1{Y = k}]
kesS keS
=S E[Xg(V)1{Y =k}] = [Xg(Y)(ZkGS 1y = k})] = E[g(Y) X].
kesS

The assumptions ensure that all sums converge (or are sums of nonnegative terms, and hence well defined).
|

2. EXTENSION TO CONTINUOUS SETTING

If Y takes value in a uncountable space, e.g., R, it might be the case that P(Y = y) = 0 for all y. We
need to define E[X|Y] differently. We will use (CPq) and a detour through the theory of Hilbert spaces.

2.1. Hilbert spaces and projections.

Definition 2.1. A (real) Hilbert space H is a complete normed real vector space, equipped with an inner
scalar product s.t. {x,x) = ||z||* (called Hilbertian scalar product).

Lemma 2.2 (Cauchy-Schwarz inequality). Let z,y be element in a Hilbert space H. Then [(x,y)| < ||z| |yl

Hint of proof. Expand ||z £y||? < (||z|| +||y||)? (which follows from triangular inequality), cancel out terms,
and get the above inequality. |

This implies in particular that the scalar product x,y — (z,y) is continuous in both variables.

Definition 2.3. A subspace L of a Hilbert space H is a closed linear subspace of H.
Definition 2.4. Letx be in H and L be a subspace of H. The distance form x to L isd(x, L) = inf ey, ||z—y].

Theorem 2.5. Let x be in H and L be a subspace of H. Then there exists a unique y in L such that
(1) |z =yl = d(z, L).

Note: both the existence and the uniqueness of y need to be proven (no compactness for justifying the
existence).

The proof of the theorem uses the following lemma.

Lemma 2.6. Let x,y,vy’ be elements of a Hilbert space H and set z = yzy" Then

ly — /11> = 2llz — ylI”> + 2|z — /||> — 4l|l= — 2.

Idea of proof. Expand using scalar products and compare both sides. O

Proof of the theorem. Uniqueness. Let y and 3’ be elements of L such that ||z — y|| = ||z — ¢'|| = d(z, L).
The above lemma yields

ly =9I = 2llz =yl + 2llz — '|I* = 4fla = 255 |* = dd(x, L)* — 4|z — 55> <0,

since %y/ is in L. Therefore, ||y — /[ =0 and y = /.
Existence. Let (y,) be a sequence in L s.t. || — y,]|| tends to d(z, L). Using the lemma above, we have,
for any n,m > 1
_ Yntym H2
2

lyn = ym1* = 2]l = yal* + 2|z — ym|* — 4 |2
Both ||z — y, | and ||z — yum | tends to d(z, L). Moreover, ||z — ¥25¥= || is at least d(x, L) since Y2E¥= s in
L. We conclude that the RHS tends to 0 (it should be nonnegative). Hence (y,,) is a Cauchy sequence and
converges to some y in L (recall that Hilbert spaces are complete and that L is closed by assumption). By

continuity of the norm, we have

[ —yll = lim [lz —yn|| = d(z, L),
n—oo

proving the existence of y satisfying (m) O
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Proposition 2.7. Let x in H and L be a subspace of H and define y as in the above theorem. Then y is
the unique element of L such that x —y is in L*.

Terminology: y is called the orthogonal projection of x on L.

Proof. First, we prove x —y € L*. Let h be in L and o in R. We have y + ah € L, which implies
|z — (y + ah)||?> > ||z — y||*>. Expanding with scalar products, this reduces to

—2a(x —y,h) +a?||h||* > 0.
Since this has to hold for any « in R, we have (x — y, h) = 0. This holds for all h in L, meaning that = —y
is indeed in L*.

Uniqueness: take y' € L s.t. x — ' isin L*. Then y — ¢ is in L, but also y — 3’ = (z — /) — (z — y) lies
in L. This implies y — 3y’ =0 i.e. y =v/. O
Corollary 2.8. let L be a subspace of a Hilbert space H. The “orthogonal projection to L” map is linear.
Proof. Take x1,x9 in H with orthogonal projections y1,y2 on L, and let a; and ag be scalars. We set

T3 = 1T1 + a2, Y3 = 1Y1 + QY.

We want to prove that y3 is the orthogonal projection of 3 on L. It suffices to prove that y3 is in L and
x5 — y3 in L, which is straightforward. (]

2.2. Back to conditional expectation. As usual, let (£2,.4,P) be a probability space. Recall the standard
definition of the L? space:

L? = L*(Q,A,P) = {X rv. st. E[X?] < 400}/ ~,
where X ~ X' if P(X # X’) = 0 (it is standard and sometimes implicit in probability theory to identify
r.v., which differ on a set of probability 0). We equip L? with the scalar product (X,Y) = E[XY] (which
is well-defined and finite for X,Y in L?), and with the norm ||X || = /E[X?2]. Then L? is a normed real

vector space with a Hilbertian scalar product. Moreover, we know from the Probability 1 class that L? is
complete. Hence, it is a Hilbert space.

Consider now in addition a o-subalgebra B of A. Then L?(Q, B,P) is a subset of the Hilbert space
L?(Q,A,P). It is clearly closed by taking linear expectations. Furthermore if X, is a sequence of B-
measurable r.v. converging in L? to some A-measurable r.v. X, then a general lemma ensures that a
subsequence X,,, is converging a.s. to X. This implies that X is B-measurable since it is an a.s. limit of
B-measurable r.v. We have shown that L?(Q, B,P) is a closed subset of the Hilbert space L2(2, A, P).

Summing up it is a subspace in the sense of the previous subsection (closed linear subspace) and we have
existence and uniqueness of projections to L?(Q2, B, P).

We note that, in L2, we have

(X-X)17Z & E[(X-X)Z] =0 & E[XZ]=E[X'Z]

Definition 2.9. Let X be a r.v. in L?(Q, A,P) and B a o-subalgebra of A. We define
the conditional expectation of X knowing B, denoted E[X|B], as the orthogonal projection of X on L?(Q,B,P).

FEquivalently, this is the uniquem B-measurable X' in L? such that
(CPy) for all Z in L*(Q, B,P), we have E[X Z] = E[X'Z].

We call (CTA) the characterizing property.

Warning. E[X|B] is a (B-measurable) r.v., not a number. It is defined, up to equality on a set of
probability 1.

Here are some first properties of the conditional expectation.

Lemma 2.10. As usual, (2, A,P) is a probability space and B C A be a o-subalgebra.
(i) The map X — E[X|B] is linear;
(ii) If is a r.v. in L? satisfying X > 0 a.s., then E[X|B] >0 a.s.;

1Hcrc7 and in the sequel, unique means up to equality on a set of probability 1.
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(iii) If X1, Xo are r.v. in L? satisfying X1 < Xo a.s., then E[X;|B] < E[X3|B] a.s.

Proof. Ttem (i) is immediate as orthogonal projections are linear. Item (iii) follows from (i) and (ii); hence,
it is sufficient to prove (ii).

The only ingredient we have is the characterizing property. Set Z = 1{E[X|B] < 0}. The r.v. is
B-measurable and bounded (hence L?), so that

2) E[X 7] = E[E[X|B]Z].

But XZ > 0 a.s., hence E[XZ] > 0. On the other hand, E[X|B]Z < 0 a.s. (for all w, either E[X|B] < 0 or
Z =0, by definition of Z). This implies E[E[X|B]Z] < 0.

We conclude that both sides of (P) are equal to 0. This implies E[X|B]Z = 0 a.s., which might happen
only if E[X|B] > 0 a.s (see the definition of Z). O

A particular case: when B is the "o-algebra generated by a r.v. Y”

Definition 2.11. Let £ be a o-algebra on a base set E andY : QQ — E a r.v. The o-algebra generated by Y
18

o(Y)={Ac€ABBe& st. Y I(B)=A} C A

Equivalently, this is the smallest o-algebra of Q s.t. Y is measurable.

We denote E[X|Y] = E[X|o(Y)].

Lemma 2.12. A r.v. X is o(Y)-measurable if and only if X = f(Y) for some measurable function f.
Proof. Admitted (easy, but technical). O

With this lemma, the definition of E[X|Y] rewrites as follows: E[X|Y] is the unique r.v. X’ in L2
which writes X’ = ¢(Y) and satisfies E[X Z] = E[X'Z] for all r.v. Z = g(Y) in L?. This coincidest
with the notation in the discrete setting, see Proposition [1.2.

2.3. Extension of nonnegative and L! r.v. In the discrete setting, we have defined the conditional
expectation E[X Y] whenever X is in L' or X takes nonnegative values (same condition as for the standard
expectation). In general, we have only define it when X is in L? (recall L? C L'). We now extend the
definition to X in L' or X > 0. There is no underlying Hilbert space anymore, so we will proceed by
approximation by L? r.v.

Theorem 2.13. Let X > 0 be atgonnegative r.v. and B C A be a o-subalgebra. There exists a unique
B-measurable r.v. X' > 0 such tha

(CPy) for all B-measurable r.v. Z >0, we have E[XZ] = E[X'Z].
Moreover, when additionally X in L?, we have X' = E[X|B]

Notation. This r.v. X’ is denoted E[X|B] and called the conditional expectation of X knowing B (also
when X' is not in L?).

Proof. Existence. Let X,, = X An = min(X,n). For fixed n > 1, the r.v. X,, is bounded, and hence in L2.
Therefore, E[X,,|B] is well-defined.

Since X,, < X,,11 a.s., we have E[X,|B] < E[X,,4+1|8] a.s. (Lemma ) Hence, for any w, the sequence
(E[X,|B](w)), has an almost sure limit, which we denote X' (w).

As a pointwise limit of B-measurable functions, X’ is B-measurable. Take Z > 0, B-measurable, and set
Zn, = Z A n. Using the monotone convergence theorem and the caracterizing property of E[X,,|B] we have

Il s o _
E[X'Z] = nll)rr;OIE[IE[XMB]Zn] = nh_)ngOIE[XnZn] = exp[XZ].

This proves the existence part in the theorem.

2In fact, this does not exactly coincide: here, we have variables in L?, while in the discrete setting, we were working with
L' /nonnegative/bounded r.v.; we address this issue in the next subsection.
3The expectations E[X Z] and E[X’Z] might be +ococ.
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Uniqueness. Take X and X} both nonnegative and B-measurable, and assume that both satisfy (CF3).
For 0 < a < b, Consider Z,;, = 1{X{ < a < b < X}}, which is B-measurable. Using the characterizing
property twice, we have E[X{Z, ] = E[XZy/] = E[X}Z,;]. But

E[X|Z.p] <aP(X] < a<b< X)), while E[X3Z, ;] > WP(X] <a<b<X)).

Since both are equal, this is possible only if P(X] < a < b < X4) = 0. This holds for all rational numbers
a < b, so that

/ /AN / !/ —
P(X] < X}) =P (Ua,beQ{Xl <a<b< Xz}) = 0.
By symmetry P(X] > X}) = 0. We conclude that X| = X} a.s.
Proof of X’ = E[X|B] when both X € L? and X > 0. Let X' satisfying (CZ]) for all nonnegative B mea-

surable r.v. Z. To show X' = E[X|B], we need to show that X’ also satisfies E[ZX'] = E[ZX] it for (possibly
negative) Z in Lo. We write Z = ZT — Z~, where Z1 = max(Z,0) and Z~ = —min(Z,0). Then

E[ZX'| =E[Zz'X'| - E[Z~X'| =E[Z2t X] - E[Z™ X] = E[ZX],

where the middle equation uses (CT%]) for the nonnegative r.v. ZT and Z~. We also note that the condition
Z in L? ensures that E[ZTX'],E[Z~X’'] < +o0, so that the difference is well-defined. This concludes the
proof. O

Theorem 2.14. Let X be a r.v. in L' and B C A be a o-subalgebra. There exists a unique B-measurable
rv. X' € L' such that

(CPy) for all bounded B-measurable r.v. Z, we have E[X Z] = E[X'Z].
Moreover, when additionally X in L* or X >0, we have X' = E[X|B].

Notation. This r.v. X’ is denoted E[X|5] and called the conditional expectation of X knowing 5.

Proof. Existence. We write X = Xt — X~ where XT = max(X,0) > 0 and X~ = —min(X,0) > 0. Set
(X')* = E[X T |B], which is well-defined since X* > 0. Using (CP4) for Z = 1 we have

E[(X)"] = E[X ] < E[|X]] < o0.

In particular, (X’)* is a.s. finite. Similarly (X’)~ := E[X|B] is a.s. finite. We set X' := (X')" — (X')~
and we want to check (TP]).

Let Z be a bounded B-measurable random variable. We decompose Z = Z+ — Z~ as usual. Then, using
four times (CF4]), we get

E[X'Z] =E[(X")"Z7] - E[(X")"Z"] - E[(X)"Z7] + E[(X")"Z7]
=EXtZ'-EX ZT)|-EXTZ |+E[X Z | =E[XZ]
This shows the existence of X’ satisfying (CP4). The uniqueness and the statement X’ = E[X|B] are proved

in a similar way as in the previous theorem. O

In both cases, to prove that something is a conditional expectation, we can restrict the "tests” in the
characterizing property.

Lemma 2.15. Let X be a r.v., either nonnegative or in L' (recall L?> C L'). Then E[X|B] is the unique
B-measurable r.v. X' such that

(CPh) for all B in B, we have E[X1g] = E[X'1p].

Proof. Existence is a consequence of the above theorems since (CF{) is weaker than (CT]) and (C)
respectively.

For uniqueness, it is easy to show that such any X’ verifying Eq. (CP3) should be nonegative or in L',
whenever X is nonnegative or in L'. Furthermore the uniqueness proofs in the above theorem only use the
case where Z = 1p, showing uniqueness in this lemma as well. O
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3. TEN COMPUTATION RULES FOR CONDITIONAL EXPECTATION

Basic properties: take X,Y r.v. either nonnegative or in L' and B C A be a o-subalgebra.
(i) E[1|B] =1 as. and E[E[X|B]] = E[X].
(ii) ElaX + bY|B] = oE[X|B] + bE[Y|B] a.s.
(iii) If X <Y a.s., then E[X|B] <E[Y|B] a.s.
(iv) If Y is B measurable, then E[XY|B] = YE[X|B] a.s. (assuming XY > 0 or in L').
In particular, E[Y|B] =Y a.s.
(v) If X is independent from B, then E[X|B] = E[X].
(vi) If C C B is a o-subalgebra, then
E[X|C] = E[E[X|B]|C].
(This is called the tower property.)
Proof. (i) The r.v. X’ defined by X’ =1 a.s. clearly satisfies (CF{) when X =1 a.s., proving E[1|B] =1
a.s. The second part is (CF{) written for Z = 1 (or equivalently, B = ).
(ii) It is straightforward to check that the RHS fulfills the characterizing property for aX + bY.
(iii) Take Z = 1{E[X|B] > E[Y'|B]}. We have
E[E[X|B]Z] = E[XZ] < E[Y Z] = E[E[Y|B]Z].
But, a.s. ZE[X|B] > ZE[Y|B]. This implies a.s. equality ZE[X|B] = ZE[Y |B], i.e., E[X|B] < E[Y|5]
a.s. (using the definition of Z).

(iv) We first consider X,Y > 0. For Z > 0 B-measurable, we have, using the characterizing property for X
(recall that Y is B measurable, so that ZY is B-measurable):

E[ZYE[X|B]] = E[ZY X]
Thus, YE[X|B] fulfills the characterizing property for Y X and we have
YE[X|B] = E[Y X|B].
The case X,Y, XY in L' follows by setting X = XT - X" andY =Y+t - Y.
(v) If X is independent from B, then, for B in B, we have
E[15X] = E[15]E[X] = E[15E[X]],
proving E[X|B] = E[X].

(vi) Let C € C, we have, using the charactering property twice w.r.t. C and B (since C C B, we also have
CeB)

E[ICIE[E[X|B]|CH = E[1cE[X|B] = E[1cX],
proving E[X|C] = E[E[X|B]|C]. O

Intertwining conditional expectations and limits

(vii) (Monotone convergence theorem for conditional expectation)
Assume (X,,) is a sequence of nonnegative r.v. with X,, < X,,11 a.s. for all n. This implies that
Xy (w) has a limit for almost all w (possibly +00), which we call X (w). Consider a o-subalgebra B of
A.

We have the following a.s. convergence, as n — oc:
E[Xy|B] = E[Xo|B]

(viii) (Fatou’s lemma for condition expectation) Assume (X,,) is a sequence of nonnegative r.v. and B is a
o-subalgebra of A. We have, for almost all w in €,

E [llnrr_1>1£an B} (w) < hgr_l)loléfE[XMB](w).

(ix) (Dominated convergence for conditional expectation) If X,, tends to X a.s. and there exists Z € L!
such that |X,| < Z a.s. for all n, then

E[X,|B] — E[X|B],

a.s. and in L'
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Proof. (vil) By property (iii) above, we have E[X,,|B] < E[X,,11|B] a.s. This implies that E[X,|B](w) has
a limit for almost all w, which we denote X/ (w). We still need to identify X/  and E[X|B], i.e.
to check that X/ satisfies the characterizing property for X, (we know that X/ as a.s. limit of B
measurable r.v.). We have, for B € B,

E[1pX,] = lim E[1pE[X,|B] = lim E[15X,] = E[1pX],

where we used the usual monotone convergence theorem (first and third equalities) and the character-
izing property for X,, (second equality). This proves X. = E[X|B] as wanted.

(viii) We apply (vii) to the increasing sequence of nonnegative r.v. Y = inf, > X,,: we have, a.s., as k tends
to 400

E[Y;|B] — E[Yao|B],

where Yoo (w) = lim Yy (w) = liminf X, (w). The LHS fulfills E[Y;|B] < E[X|B] a.s. (since Y;, < X}, a.s.
and using item (iii) above). We have that, for almost all w, E[X}|B](w) dominates a sequence tending
to E[liminf X, |B](w), i.e.

liminf E[X}|B](w) > E[liminf X,,|B](w),

as wanted.
(ix) We apply Fatou’s lemma (for conditional expectation) to Z — X,,: for almost all w, we have

liminf E[Z — X,,|B](w) > E[Z — X|B](w).
After simplification, this gives limsup E[X,|B](w) < E[X|B](w). The inequality liminf E[X,,|B](w) >
E[X|B](w) is proved similarly by applying Fatou’s lemma to Z + X,,. Both together imply
lmE[X,,|B)(w) = E[X|B](w). O
This proves a.s. convergence. The L! convergence follows by the usual dominated convergence theorem,
since [E[X,|B]| <E[|Z||B] and
E[E[ Z||B]] =E[|Z]] < +oc.

Jensen’s inequality for conditional expectations.

(x) Let X bear.v. and f: R — R a convex function. As usual B C A is a o-subalgebra. Assume X and
f(X) are either nonnegative or in L'. Then, a.s.,

E[f(X)|B] = f(E[X|B]).

Proof. We admit the following fact from analysis: since f is convex, there exists sequences (a,) and (b,)
such that, for all z in R, we have f(r) = sup,,>;(anz + by,).
Then we have

BIF(X)|B) = Elsup(a, X +b,)|B) 2 supElan X + by[B] = supa, ELX|B] + b, = f (ELX|B),

n>1 n>1

where we used the defining property of a, and b, (first and last step), the monotonicity of conditional
expectation (i.e. item (iii) above, in the second step) and its linearity (third step). O

An important consequence. Consider the convex function f(z) = |x|P for p > 1. Jensen’s inequality tells
us that for X > 0 or X € L', we have
E[X|"|B] > [E[X|B]|" as.
Taking expectation we get
E[|X|?] > EUH«:[XWH”]

In particular, X € L? implies that E[X|B] is in L? for any o-subalgebra B. Also if we have a sequence of
r.v. YV, = Y in LP, then E[Y,,|B] — E[Y|B] in L? (apply the above to X =Y —Y,,).
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4. SOME IMPORTANT EXAMPLES
4.1. Conditional expectation and independence.

Proposition 4.1. Let X and Y be independent r.v. and h a real-valued function s.t. h(X,Y) is either
nonnegative or in L'. Then

E[h(X,Y)|Y] = H(Y),
where H(y) := E[h(X,y)] = [ h(z,y)Px(dz).

Informally, when X and Y are independent, conditioning on Y means taking only X at random.

Proof. Assume h(X,T) > 0 (the proof in the L' case being similar). Let Z = g(Y) be a nonnegative
o(Y)-measurable r.v.B) we have, using the independence of X and Y,

B Y)o)] = [ [t pextoey @ = [ ([ h(x,me(d:c)) 9(5)Py (dy)

/ H(y)g(y)Py (dy) = E[H(Y)g(Y)].
Hence H(Y'), which is o(Y)-measurable, satisfies the characterizing property for h(X,Y’). We conclude that
E[R(X,Y)|Y] = H(Y), as wanted. O

Remark. We did not make precise the spaces in which X and Y are taking value; it can be any spaces F
and F (equipped with a o-algebra, s.t. XY r.v. has a sense). Then the domain of h should be F x F.

The results also holds true more generally if we condition on any o-algebra B s.t. X is independent from
B and Y B measurable.

4.2. Density case.

Proposition 4.2. Let X andY be real-valued r.v. with joint distribution p(x,y)dzdy. Let q(y) = [ p(z,y)dx
denote the density of Y. For x,y in R, we define

plzy)
plz,y) =< W ifq(y) >0
0 otherwise.

Then for any measurable function h: R — R such that h(X) is either nonnegative or in L*, we have
(3) E[h(X)|Y] = / h(z)p(z,Y)dz.
R

Informally, conditionally on Y, the r.v. X has density p(z,Y’). The formula giving p(z,Y") is the same as
for conditional probability in the discrete setting, replacing probabilities by densities.

Proof (in class, we assume q(y) > 0 for all y for simplicity). We check that the RHS of (E), satisfies the
characterizing property for h(X). Assuming h(X) is nonnegative (the L' case is similar), we let Z = g(Y)
be a nonnegative o(Y)-measurable random variable. On one side, we have

(4) lE[h(X)g(Yﬂ = |, h@)g()p(z, y)ddy.
On the other side, setting ¢(y fR D(x,y)dx, we can write

E[e(Y)g(Y)] = /R o(y)g(w)a(y)dy = /R . h(z)p(x,y)9(y)a(y)1{q(y) > 0}dxdy,

where, in the second equality, we added the indicator 1{¢(y) > 0} (this does not change the integrand, since
the integrand is zero when ¢(y) = 0 anyway) and we substituted ¢(y) by its defining formula. Furthermore,
we implicitly used the fact that integrand is nonnegative to rewrite successive integrals on = and y as a joint
integral on (x,y) (Fubini-Tonelli theorem). When ¢(y) > 0, we have p(z,y)q(y) = p(x,y) so that

(5) E[p(Y / h@)g(w)p(z, y)1{q(y) > Oydady.

4From Lemma , we know that all o(Y)-measurable r.v. are of the form g(Y). We will not recall that further in the
sequel.
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But ¢(y) = 0 implies that p(z,y) = 0 for almost all z (see the definition of ¢(y) and recall that p(x,y) > 0),
so that

Y /R2 h(z)g(y)p(z,y)1{q(y) = 0}dzdy = 0.

Comparing (H), (H) and (E), we conclude that E[h(X)g(Y)] = E[p(Y)g(Y)]. Since this holds for all
nonnegative o(Y)-measurable r.v. Z = ¢g(Y) and since furthermore ¢(Y) is o(Y)-measurable, we have
¢(Y) = E[h(X)|Y], as wanted. O

4.3. Gaussian vectors. Reminder/scratch course on Gaussian vectors. Fix a dimension d > 1. Let ji be
a vector in R?, called mean vector, and K be a d x d symmetric semi-definite matrix, called covariance
matriz. Then the Gaussian multivariate distribution N(f, K) is defined by its characteristic transform: if
X ~ N (ji, K), then, for all Cin RY,

E[exp(i((, X))] = exp (i(C, ) — 5" KQ).
In particular, for 1 < j,¢ < d,
E[X;] = pj, Cov(X;, X¢) =K.
Some properties:
e X is a multivariate Gaussian vector if and only if all linear combinations Z;l:l a; X; (a; € R)are

(univariate) Gaussian. In particular X is a multivariate Gaussian implies that all X j are Gaussian
but the converse is not true.

e If X is a multivariate Gaussian vector and if Cov(X;, X,) = 0 for some j and ¢, then X; and X, are
independent. (More generally, if {j1,...,7s} and {f1,...,£;} are sets such that Cov(X;, , X, ) =0
for all p < s and ¢ < ¢, then the sets of r.v. {Xj,,..., X, } and {Xy,,..., X, } are independent.)

Proposition 4.3. Let (Y1,...,Yy, X) be a centered Gaussian vector. Let X be the orthogonal pmjectionE of
X on Span(Yy,...,Yy), we have

E[X|(V1,...,Ys)] = X.
Proof. For any j < d, we have
(7) Cov(X - X,Y;) =E[(X - X)Y;] =0,
where the first equality uses that the variables are all centered and the second that X is the orthogonal
projection of X on Span(Yi,...,Yy).
Note that (X — X,Y7,...,Yy) is a Gaussian vector: indeed, all linear combinations of its coordinates are

linear combinations of those of (X,Y7,...,Yy;) and hence Gaussian. Therefore the vanishing of covariances
in (H) implies that X — X is independent from {Y7,...,Y;}. We have

E[X|(Y1,...,Ys)] =E[X — X|(Y1,...,Yo)] + E[X|(Y1,...,Ya)] =E[X - X] + X = X,

where the second equality uses computation rules (iv) and (v) p. E (the first uses linearity of conditional
expectation; the last that variables are centered). ]

Remark. In fact, we can prove that the "conditional density/distribution of X knowing (Y7,...,Yy)” is that
of a Gaussian centered in 2?21 A;Y;. More precisely, for all A : R — R such that h(X) is either nonnegative
orin L1,

E[h(X)|(Ya, ..., Ys)] :/Rh(“f)m}ﬂexp(’(;;“)?)dx,

where ;= X and 02 = E[(X - X)2|(4,... ,Yy)]. The result also extends to E[A(X1, ..., X.)|(Y1,...,Ys)],
assuming that (X1,..., X, Y1,...,Yy) is a Gaussian vector.

5Since X and the Y; are in L?, we use the same scalar product as before, namely (Z, Z') = E(ZZ'). Note however that,
here, we project on the linear space spanned by the Y; and not on the much bigger space L%(Q,0(Y1,...,Yy),P) as in the
general L? case.
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Part B. Martingales
5. BAsics
Definition 5.1. A filtered probability space is a quadruple (Q, F, (Fn)n>1, P) where (Q, F, P) is a probability
space and (Fp)n>1 @ sequence of o-algebra of Q0 such that
FoCF1C---CF.
The sequence (Fp)n>1 is called a filtration and a sequence (X,,)n>0 of random variables such that each X, is
Fn-measurable is called suited to the filtration (Fp)n>1 or simply a random process (if the filtration is clear

from the context).
A sequence (Xp)n>0 of random variables such that each X,, is Fp—1-measurable is called predictable.

Remark. This implies that F,, 2 o(Xo, X1, ,X,) (the latter is by definition the smallest o-algebra that
makes X,...,X,, measurable). A standard situation is F,, = 0(Xo, X1, , X},), but none of the results below
need this assumption.

Throughout this chapter, we assume that we are working in a filtered probability space (2, F, (Fpn)n>1, P).

Definition 5.2. Let (X,,),>0 be a random process such that X, is in L' for alln > 0. Then X, is called
a martingale if for any n > 0, we have

(8) E[Xpi1|Fn] = X, as.
Eq. (E) is called the martingale property.

Ezample. (i) Let (Y;);>1 be independent centered integrable r.v. Set X,, = Y1 +--- 4+ Y, and F,, =
o(Y1,...,Y,) for every n > 1. For each n > 1, the r.v. X,, is a sum of r.v. in L' and hence in L*. We
have, a.s.,

E[Xpi1|Fo] =E[Yi+ - 4+ Y, + Y| F] =YVi4+ - + YV, +EY, ] = X, + 0= X,
where in the second equality we have used that E[Y|B] = Y is Y is B-measurable (this applies to
Y1,..,Y,,) and that E[Y|B] = E[Y] is YV is independent from B (this applies to Y,11).
We conclude that X,, is a martingale.

(ii) Let (T});>1 be independent unbiased coin tosses, i.e. r.v. with distribution
P[T; = head] = P[T; = tail] = 1/2.
We let F,, = o(Th,...,T,) and (A,)n>1 be a predictable r.v. with respect to T,,. Finally, we set,

Y; = A4;1{T; = head} — A;1{T; = tail} and X,, = Y Y;.
i=1

Gambling interpretation: at each time ¢ > 1, a gambler bets A; units on “head”. Then Y; represents its
(algebraic) winnings in the i-th round and X, its cumulative winnings until time n.

At round i, the gambler can choose what he bets (A4;) depending on the outcome of the previous
coin tosses T1,..., T;—1, but he does not know T}, T; 1, ..This explains the predictability hypothesis: A;
should be F;_; measurable.

We now prove that (X,,),>0 is a martingale. Obviously, each Y; is in L' and hence X, is in L* for
any n > 0. We compute
E[Yn-‘rl‘fn] = An+1E[1{T7L+1 = head}] — An+1E [1{Tn+1 = ta”}] = O a.s.,
which implies
This proves the martingale property.
— Martingales are models for cumulative winnings in a fair game.
(ili) Take X € L' and let X,, = E[X|F,]. Then X,, is in L' and satisfies the martingale property (because of

the tower rule for conditional expectation). Therefore (X,,),>0 is a martingale; martingales constructed
this way are called closed.
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Proposition 5.3. Let (X,,)n>0 be a martingale. Then
(i) E[X,] is independent of n;
(ii) for any n > p, we have E[X,,|F,] = X,.

Proof. This is a straightforward application of the properties of conditional expectation. O

6. STOPPING TIMES
6.1. Definitions.
Definition 6.1. A random variable T : Q — NU {400} is called a stopping time if for any n > 0, we have
{T <n} eF,.
Equivalently, T is a stopping time if and only if, for any n > 0, {T' = n} is in F,.

Gambling interpretation: T is the time at which a gambler stops playing (i.e. T'= n means that he stops
after round n). The decision to stop playing at time n is taken knowing what happens until time n and not
after, i.e. is F,,-measurable.

Definition 6.2. Let (X,,)n>0 be a random process and T a stopping time. We define the r.v. Xp as follows:
for w in Q,

_ ) Xrew) i T(w) <oo;
Xrw) = {undefined if T(w) = oo.

It is easy to check that X is indeed F-measurable.

Gambling interpretation: Xr is the winning of the gambler when he stops playing.
6.2. Martingale and stopping times. If n is an integer and 7 a stopping time, then we set n A T'(w) =
min(n,T(w)). This defines a stopping time and we have the following important stability result.

Proposition 6.3. Let (X,,),>0 be a martingale and T a stopping time. Then (Xpoar)n>0 @5 a martingale.

Proof. We can write

n—1

Xoar = Y Xil{T =i} + X, 1{T > n},
i=0

showing that X, . is F,,-measurable and in L'.
We now check the martingale property. Let B be F,, measurable,

E[X(+1ar1{B}] = E[X71{T < n}1{B}| + E[X,+11{T > n}1{B}].
Since {T > n} N B is in F,, and since E[X,,;1|F,| = X,, a.s. (martingale property), we have
E[Xn+11{T > n}1{B}] = E[X,1{T > n}1{B}].
Summing up,

E[X(niarl{B}] = E[X7{T < n}1{B}| + E[X,,1{T > n}1{B}]
=E[X,rr1{B}].

Since this holds for any B in F,, and since X, is F,, measurable, we have
E[X(n%»l)/\T']:n} = Xn/\T-

This concludes the proof that (X,ar)n>0 is a martingale. O



14 VALENTIN FERAY

6.3. The optional stopping theorem.

Theorem 6.4. Let T be a bounded stopping time, i.e. there exists M >0 s.t. P(T > M) = 0. Let (X,)n>0
be a martingale. Then Xt is in L' and E[Xr] = E[X,)].

Gambling interpretation: in a fair game and in finite time, one cannot have in expectation more at the
end than at the beginning (whatever strategy one uses, and whenever one decides to stop).

Proof. Since T' is bounded by M, we have X7 = Xpar a.s. We have seen in the proof of Proposition @
that Xpar is in LY, so that Xp is in L.
Applying Proposition p.3, item (i) to the martingale (X,a1)n>0, we have

E[X7] = E[Xpmar] = E[Xoar] = E[X0]. |
Remark. The hypothesis “T bounded” is necessary in the above theorem. Take X,, = Y1 +---+Y,,, where Y;
are 1.i.d. r.v. with P[Y; = 1] = P[Y; = —1] = 1/2. We take the stopping time T' = inf{n > 0 s.t. X,, = —1}

(why is it a stopping time? see exercises). We will see later in the lecture that T < oo a.s. Obviously
Xr = —1 a.s., which implies E[X7] = —1 # E[X,] = 0.

7. SUB- AND SUPER-MARTINGALES

7.1. Definition and some constructions.

Definition 7.1. A random process (X )n>0 with X, € L' (for all n > 0) is called a submartingale (resp.
a supermartingale) if for any n > 0, we have

E[Xn+1|fn] > X, a.s. (resp. E[Xn+1|.7:n] < X, a.s.).

We note that (X,,),>0 is a supermartingale if and only if (—X,,),>0 is a submartingale. We will therefore
restrict our attention to submartingales; all results for submartingales have analogues for supermartingales
using this simple transformation.

If (X,,)n>0 is a submartingale, we have

E[XnJrl} = E[E[Xn+1|]:n]] > E[X,].

Warning. 1 personally find the sense of the inequalities unintuitive: submartigales are nondecreasing in
expectation.

Lemma 7.2. (i) Let (X,,)n>0 be a martingale and ¢ : R — R be a convex function. Assume ©(X,,) is in
L' for allm > 0. Then (p(X,))n>0 is a submartingale.
(ii) Let (X,)n>0 be a submartingale and ¢ : R — R be an nondecreasing convex function. Assume p(X,,)
is in L for allm > 0. Then (¢(Xy,))n>0 is a submartingale.

Proof. (i) Using Jensen’s inequality and the martingale property for X,,, we hvave

E[‘P(Xr&l)‘]:n] > W(E[Xn-'rﬂ]:n]) = p(Xn),
showing that (¢(X,))n>0 is a submartingale.
(ii) Similar.
]

In particular, if X,, is a martingale, |X,,| and X,/ = max(X,,0) are submartingales. If furthermore X,
is in L?, then X? is a submartingale.
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7.2. Doob’s decomposition.

Theorem 7.3. Let (X,)n>0 be a random process with X, in L' (for all n > 0). Then there exist a
martingale (M,,)n>0 and a predictable process (Ap)n>0 such that

X, =Xo+ M, + A, and My = Ay =0 a.s.
Moreover,

e this decomposition is unique up to a.s. equality;
e A, is a.s. nondecreasing if and only if X,, is a submartingale.

Proof. Uniqueness. Assume that we have (M,),>0 and (A4,),>0 as in the theorem. Then, for n > 0, using
the martingale property for M,, and the fact that X, and A,,; are F,, measurable,

E[Xn+1|]:n] = E[XO‘]:n] + ]E[Mn-&-lu:n] + E[An+1|]:n]
== XO + Mn + An+1 = Xn + (An+1 - An)

This implies 4,41 — Ap, = E[X,,41|Fn] — X, and therefore, since 4g = 0 a.s.,

|
—

An = (E[Xk+1|fk] - Xk) a.s.
0

x>
Il

Hence A,, is uniquely determined, up to a.s. equality, and so is M,, = X,, — Xo — A,.
Existence. Inspired by the above computation, we set

n—1
Ay = Z(]E[Xk-‘rlu:k} - Xk) and M,, = X, — Xo — A,
k=0

Clearly, Ag = My =0 a.s. and A, is F,_j-measurable. It remains to check that (M,),>0 is a martingale.
Clearly A,, and M,, are in L'. Moreover,

E[Mn+1|]:n} - E[Xn+1|]:n] - XO - AnJrl
=E[Xp1|Fn] — Xo — (An + E[Xp 11| Fn) — Xp) = X — Xo — Ap = M,

Second additional statement. The equivalence “(X,,),>0 submartingale < (A,),>0 a.s. nondecreasing”
follows from the formula A,,+1 — A,, = E[X,,4+1|Fn] — X, above. O

Corollary 7.4. Let (X,,)n>0 be a submartingale and S < T bounded stopping times. Then E[Xg] < E[Xr].

Proof. We write the Doob’s decomposition X,, = Xo + M,, + A, of X,,, Since (M, )n>0 is a martingale,
by Theorem @, we have E[Mg] = E[My]. Since (X,,)n>0 is a submartingale, the process (A4,,)n>0 is a.s.
nondecreasing and we have Ag < Ay a.s., implying E[Ag] < E[Ar]. Therefore,

E[Xs] = E[Xo] + E[Ms] + E[As] < E[Xo] + E[Mz] + E[A7] = E[X7]. O

8. INEQUALITIES
8.1. Maximal inequalities. In this section, we use the notation
Xp(w) =sup | Xj(w)], X (w) = sup | X;(w)].
Jj<n Jj=0
In general, X is hard to analyze: the index j maximizing X;(w) depends on w. For martingales, we have a
good control on it.

Theorem 8.1 (Doob’s maximal inequality). (%) Let (X,)n>0 be a martingale or a nonnegative submartin-
gale. Then, for o > 0 and any n > 0,

PIX; > ol < LE[1X, ).
(i) Let (Xp)n>0 be a nonnegative supermartingale. Then, for a > 0,

PXZ > a] < LE[|Xo|).
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Comment: if X, is your (algebraic) loss at a game and you cannot exceed loss « at any time, the
probability P[X} > a] is something you really want to know about. Markov’s inequality tells you that
PIX; > o] < L1E[X;]], so that Doob’s inequality “replaces” E[|X}|] by the easier quantity E[|X,|] or
E[|Xol]-

Proof. Preliminaries: We start by some discussions common to the two cases. Set T' = inf{j > 0: | X;| > a}.
Then

PX} > a] =P[T <n.
Besides, when T' < n, we have |Xp| = |X,ar| > a. Therefore
E[|Xonr|U{T < n}] > aE[1{T < n}] = aP[T < 1.
We conclude that
(9) PX;; > o] = P[T < n] < SE[|Xnar[H{T < n}] < JE[|Xnnrl]-
item (i). In this case, |X,,| is a submartingale by Lemma @ Therefore, from Corollary @, we have
(10) B[ Xnarl] < E[|Xal].
Plugging this back into (E), we get item (i).
item (ii) Here, | X,,| = X,, is a supermartingale. From Corollary @, we have
E[|Xnarl] < E[|Xol]-

Plugging this back into (a), we get
P[X;; > o] < 2E[Xo|].
The right-hand-side is independent from n, so we can take the limit n — oo and have
PX > a] = lim P[X} > o] < JE[Xo]],
n—oo

where the first limit follows from the event {X* > a} being a countable increasing union of the events
{X} > al. O

Technical comment used in the next section. We can improve inequality (i) as follows:
(11) PIX; > o] < LE[|X,/1{X} > a}].
Indeed, we obsere that, when T' > n, we have |X,or| = | X, |, which implies
E[[Xunr 1T > n}] = E[|X,[1{T > n}].

Combining with (@) gives
E[|Xnnr|HT < n}] < E[|Xa|H{T < n}].
Plugging this back into (B) gives (@)

8.2. LP inequality. In this section, we fix p > 1. The goal is now to control || X} ||, = E[(X;)?] e,

Lemma 8.2. Let Y be a nonnegative r.v. We have
E[Y?] = / pa? I P[Y > a]do.
0

(Both sides might be finite or infinite.)

Comment. The case p = 1, namely E[Y] = [[° P[Y > ada, is well-known.

Y
/ pa?tda
0

Reminder (Holder’s inequality). Let p,q > 1 such that % + % = 1. Then E[|XY] < || X,[|Y |-

Proof. Using Fubini’s theorem for nonnegative functions,

/ paP ' P[Y > alda = E [/ pa“l{YZa}da} =E =E[7]. H
0 0
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Theorem 8.3 (Doob’s L? inequality). Let p > 1 and (X,,) be a martingale or a nonnegative submartingale.
Then

1Xally < 55 11X lp-
(1 Xnllp or both || Xy, and || X, might be infinite.)

Proof. We assume w.l.o.g. || X,||, < oo, i.e. X, in LP. This implies E[X,|F;] € L? for any j < n. But we
have either X; = E[X,,|F,] (martingale case) or |X;| = X; < E[X,,|F;] (nonnegative submartingale case),
so that X is also in LP. Since X < |Xo|+ -+ |X,|, we know that X is also in L?, i.e. || X}, < co. We
have

+oo

(Lemma @) E[(X})?] :/0 paPPX > alda
(Eq. () < [ per B 2 ],

“+oo
(Fubini) <pE [|Xn /O P2 {X) > a}da}

X5
(computations) <pE |Xn|/0 oszdoz] = E [|X,|(X;)P~ ]
(Folder) 721 1, B[00 D).

But (p — 1)g = p, so that dividing the above equality by E[(X;)p] Y1 <o gives
* * 1_1/
121l = E[(X3)P] " < 2511 Xnllp- 0
Comment. With the hypothesis of the theorem, | X,|? is a submartingale so that ||.X;||, < [|X,||p,. This
implies
1Xallp < 1 Xollp + -+ + 1 Xnllp < (04 D[ Xnllp.
The nice aspect of Doob’s LP inequality is that the pre-factor is independent of n. In particular, it yields

the following.

Corollary 8.4. Let (X,,)n>0 be a martingale or a nonnegative submartingale bounded in LP (i.e. we assume
sup,,>o [ Xnllp < +00). Then X7, is in LP and

p
Xz sup || X, ll,-
[XSllp < po1ow [ Xnllp

Proof. By definition X is a.s. nondecreasing (we take a supremum over more and more variables) and tends
a.s. to X% . Thus, by monotone convergence,

[Xllp = lim [[X5]p.
The corollary then follows from Doob’s LP inequality. |

9. ALMOST SURE CONVERGENCE

9.1. The upcrossing inequality. Here, we prove a technical result which will be useful for proving con-
vergence theorem in the next section.

Upcrossings. Let & = (2,,)n>0 be a deterministic real-valued sequence and a < b be real numbers. We set
to =0 and for j > 0,

553_?)(90) inf{n >t; : z, <a};
90 (@) = inf{n > 5511 : @, < b);
ugf’b) (z) = max{j : tga b)( ) <n};
ul®?) (z) = max{j :tﬁa (z) < +o0}

Informally, ul® )(7) (resp. ul )( )) is the number of times the sequence (x,,), >0 has crossed the strip (a, b)

from bottom to top until time n (resp. until time co); see Fig.
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FIGURE 1. Illustration of the definition of upcrossings. The crosses indicate the dots of
coordinates (n, z,). The curve does not represent anything concrete, it is only here to make
the definition of upcrossings more intuitive.

Lemma 9.1. A real-valued sequence (x,,)n>0 has a limit £ in RU{—o00, 400} if and only if, for all rational

numbers a < b, we have ule? (z) < +o0.

Proof. Admitted (easy Analysis I exercise). O

We know consider a random process X := (X,,)n,>0. Then, for j > 0 and n in NU {oo}, the quantity

(a,b) _ _(a,b) (a,b) _ ,(a,b) b) b
Si? = 5100 (X), T = 177 (X) and U = u{#? (X)

are random variables. It is easy to see that S](a’b) and Tj(a’b) are stopping times and the U\ is F,
measurable.
Notation: y™ = max(y,0).

Theorem 9.2 (Doob’s upcrossing inequality). Let (X, )n>0 be a submartingale and fix a < b. Then
E[Uf"] < 7LE[(Xn —a)*]

Proof. We write U,, = UT(La’b) for simplicity. Let Y,, = (X,, —a)™. Then (Y,,),>0 is a submartingale since the
function z + (z — a)t is convex and nondecreasing. We can write

(Y1, = Ys,) + (Yo — Ty );
(YSJ'-H - YT]‘) + (Yn - YSJ'+1)7

where j is chosen such that T; < n < Sj;, (first case) or Sj11 <n < Tj+1 (second case). In both cases,
j = U,. We can rewrite in a unified way as

Yn:YSl+(YT1_YS1)+(Y52_YT1)+"'+{

n

n
(12) Yo =Ys,an+ 3 (Yran = Ys,an) ++ O (Ysinn — Yran)

i=1 i=1
For i < U, we have
Yroan =Y, >b—a (since Xg, > b); Ysan =Ys, =0 (since Xg, < a).

This implies Y7, an, — Y5,an > b—a. Other terms in the first sum of (@) (for ¢ > U,,) are nonnegative (either
Ysian =Ys, =0 or Yg,an =Y, = Y1 an), so that this sum is at least (b — a)U,.

For the second sum in (@), we observe that (T; An) < (S;4+1 An) are both bounded stopping time. Since
Y, is a submartingale, from Corollary [7.4, we have

E [YT,/\‘VI] S E [YSi+1 /\n] .

Therefore the second term in ([l2) has a nonnegative expectation.
Finally, the first term in ([L2) is Ysﬁn which is nonnegative a.s.

We conclude, taking expectation ([l4) and using the previous discussions, that

n

> (Yrn — YsiAn)] > (b—a)E[U,)]. O

=1

E[Y,] > E
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9.2. The almost sure convergence theorem.

Theorem 9.3 (submartingale a.s. convergence theorem). Let (X,)n>0 be a submartingale. We assume
sup,, o E[X,I] < co. Then there exists Xoo € L' such that X, = Xo.
Comments:
e Submartingale are assumed to be in L'. This implies that, for each n > 0, we have E[X,] < oco.
What is important in the above hypothesis is that we have a bound independent of n.
e Here are some stronger conditions (hence sufficient to imply a.s. convergence of submartingales):
sup E[| X,,]] < oo or “there exists M > 0 s.t., for all n > 0, X,, < M a.s”. Again, the important point
is that the bound is independent of n.
In particular, nonnegative martingales and supermartingales cv a.s.
e For all n > 0, X,, lies in L' (definition of submartingale). The theorem states that the a.s. limit
Xoo is in L' as well. However, X,, does not necessarily converge to Xoo in L'. It may also happen
that E[X,] does not converge to E[X].

Proof. Let a < b be rational numbers. Using the notation of Section @, we have

E[UEY] = lim E[U*"] <liminfn — ool E[(X, — a)*] < 525 (B[(X0) ] + lal) < +oo,

where the first equality comes from the monotone convergence theorem and the following inequality from
Theorem . This implies

]P’[Uég’b) <oo] =1.
This holds for any rational numbers a < b. Since Q is countable, we have

P ﬂ (U@ < o0}
a,beQ, a<b

From Lemma @, this implies, that for w in a set of probability 1, X, (w) has a limit in R U {—o0, +o0},
which we denote X (w).

This defines X, on a set of probability 1. By construction X,, = X .. It remains to check that X is
in L. We have, for all n > 0,

B[l X.]] = E[X ]+ E[X, ] = 2E[X]]] - E[X,] < 2E[X,] — E[X0],
where we used in the middle the inequality E[X,,] > E[X(], true for any submartingale. This implies, in
combination with Fatou’s lemma,
E[| X < lim>i(§1fE[|Xn|] <2(supE[X,[]) — E[X0] < +o0. O
nz n>0
Note: when we construct X, in the proof, it might a priori take values +oco. However, a posteriori, from
E[| Xx|] < 400, we know that X, takes finite values a.s.

An important example. Take X,, = Y] +---+Y,,, where Y; are i.i.d. r.v. with P[Y; = 1] =P[Y; = —1] =
1/2. We take the stopping time 7' = inf{n > 0 s.t. X,, = 1} and set M,, = X,,or, which is a martingale by
Proposition . We note that M,, <1 a.s. (either T > n, then M, = X,, and X,, has not reach 1 yet, so
that X,, <1, or T < n and then M,, = Xy = 1). Applying Theorem @, we know that M, converges a.s.
to some M.

Let w be an element of the probability space 2. Assume that T'(w) = +00. Then M, (w) = X,,(w) for all
n > 0. But X, (w) does not converge (for all n > 1, we have | X, (w) — X,,—1(w)| = |Yn(w)| = 1), therefore
M, (w) does not converge.

We set

C={weN:M,(w) converges}.
we have proved above that, on the one hand P[C] = 1 and on the other hand {T' = oo} C C. This implies
IP’[T = oo] = 0. In other words, with probability 1, there exists a time n, at which X,, = 1.
(This is not easy to prove directly!)

In the above example, we have M., = X7 = 1 a.s., while My = Xy = 0. In particular E[M] # E[My],
while E[M,,] = E[My] for all n > 0 (since M,, is a martingale). In summary, we have a.s. convergence
M,, — M, but not E[M,,] — E[M] (and a fortiori not convergence in L).
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10. UNIFORM INTEGRABLE (SUB)MARTINGALES AND L! CONVERGENCE

10.1. L' convergence theorems. Uniform integrability is a necessary and sufficient condition for a se-
quence of random variables assumed to convgrgc in probability to converge also in L'. A short account on
uniform integrability is given in Appendix |AH.

Theorem 10.1 (Submartingale L' convergence theorem). Let (X, )n>0 be a submartingale. The following
assertions are equivalent:

(i) (Xn)nzo 18 U.1.;
(ii) There exists Xo in L such that X, kX

Proof. First assume (i). By Proposition @ item (i), we have sup;c; E[|X;|] < co. We can therefore apply
the submartingale a.s. convergence theorem, and we know that there exists Xoo in L' such that X,, == X ..
A fortiori, X,, converges to X, in probability; since X, is u.i., by Proposition , item (iii), we conclude
that X,, converges to X, in L'.

Conversely, let us assume (ii). Then (i) follows from Proposition @7 item (ii). O
For martingales, there is a third equivalent statement.

Theorem 10.2 (Martingale L' convergence theorem). Let (X,,)n>0 be a martingale. The following asser-
tions are equivalent:

(i) (Xn)n>0 is u.i.;
71
(ii) There exists Xoo in L' such that X, e k Xoo;
(iii) There exists X in L' such that, for allm >0, we have X,, = E[X|F,].

Moreover, when these statements hold, we have X o = E[X|F], where Foo =0 (Unzo .Fn>.

Comments:
e Recall that martingales as in item (iii) are called closed. The theorem asserts that a martingale is
u.i. if and only if it is closed.
e The r.v. X from item (iii) is not unique. We will see in the proof that we can take X = X.
Moreover, when F., = F, the additional statement says that necessarily X = X, so that we have
uniqueness in this case. It is however good to keep in mind that it is not always the case.

Proof. We already proved (i) < (ii) in the more general setting of submartingales (Theorem ) Moreover,
(iii) = (i) is a direct consequence of Corollary [A.4.

Proof of (i) = (iii). We will prove that X,, = E[X.|F,], yielding the existence of X as wanted (take
X = X ). To this end, we check the characterizing property of conditional expectation. Take B in F,.
For p > n, we have E[Xp|.7-"n] = X,, (martingale property), implying E[Xp l{B}} = E[Xn l{B}]. Since X,
converges to X, in L', we have

pan;oE[Xp 1{B}]| =E[X. 1{B}].

Therefore IE[XOo 1{3}] = ]E[Xn 1{B}]. Since this holds for any B in F,, and since X,, is JF, measurable,
we have X,, = E[Xoo|fn], concluding the proof.

Proof of the extra statement. For any n > 0, X, is F,-measurable and hence F,, measurable. The limit
of measurable functions is measurable, so X, is also F, measurable. To prove X, = E[X|F], we need

to prove that it satisfy the characterizing property.
Let B be in F;, for some n > 0. Then we have

E[X 1{B}] = E[X,, 1{B}] = E[X. 1{B}],

where the first equality follows from X = E[X,,|F;,] (asumption of item (iii) above), while the second follows
from Xo, = E[X,|F,] (proved in (ii) = (iii) above). Therefore the equality E[X 1{B}] = E[X 1{B}]

6The material in Appendix @ will be presented in the lecture; we have chosen to put it in appendix in the lecture notes,
because this material can be of interest, independently of its use in martingale theory.
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holds for all B in Unzo Fr. By the monotone class theorem, see, e.g., [JP04, Theorem 6.2], it holds for any
Bin o (UysgFn) = Foo: O

10.2. An example of application. As above, we consider X,, = Y1 +---+Y,,, where Y; are i.i.d. r.v. with
PY; = 1] = P[Y; = —1] = 1/2. Additionally, let a and b be two positive integers and set

T=inf{n>0st. X, =—-aor X, = b}.

Obviously, T is a stopping time. Therefore X, 1 is a martingale (Proposition @) We note that X, 7 is
a.s. in the set {—a, —a+1,---,b}, so that it is a bounded martingale, and in particular u.i. Therefore X, 1
converges a.s. and in L' to X;. The same argument as at the end of Section tells us that 7" < +o00 a.s.,
which implies that a.s. X takes values in {—a,b}. We have

E[XT] = —CL]P)[XT = —a] + b]P[XT = b] = E[Xo} =0.

Since P[ X7 = —a] + P[Xp = b] = 1, we can solve and get

]P’[XT = —a] = ]P[XT = —a] =

_b_ _a_
a+b? a+b’

We determined the probabilities of winning and losing in the strategy “I stop the game when I have lost
amount a or won amount b”.

10.3. The unbounded optional stopping theorem. In the following, we consider a u.i. martingale
(Xn)n>0 and a stopping time T'. Since X,, has an a.s. limit X, we can define Xy regardless of T' being
finite or not, namely

Xy (w) if T(w) < oo;

Xrw) = {Xoo(w) if T(w) = +o0.

Theorem 10.3. Let (X,,)n>0 be a u.d. martingale and T be a stopping time. Then E[Xr] = E[X)].

Comparison with optional stopping theorem (Theorem ) Here, T is not assumed to be bounded, not
even to be a.s. finite. The cost is that we have to assume X, u.i.

Gambling interpretation. If we assume the winnings (and losses) of the gambler to be bounded (quite
reasonable assumption!), then even unbounded time strategies cannot achieve a better expectation of winnings
than just keeping the initial amount Xj.

To prove the theorem, we first prove the following lemma.

Lemma 10.4. Let (X,)n>0 be a u.i. martingale. Then family (Xg), where the index S runs over all
stopping times S, is u.i.

Proof. Recall that, as a u.i. martingale, X,, has an a.s. and L' limit X, and that X,, = E[X,|F,] (see
Theorem and the discussion below).

Xs = Xoo 1{S = +o0} + Y X, 1{S =n}
n>0
= Xoo1{S = +00} + Y E[Xo|Fa] 1{S = n},
n>0
The single r.v. family (X, ) is uniformly inegrable so that, by Proposition @, there exists a convex

nondecreasing function ¢ with lim,_, o ‘/’Ef) = 400 and E[p(| X |)] < 00. We apply  — o(|z]) to the above
display, observing that there is always only one non-zero term on the right-hand side:

p(1Xs1) = (1Xaol) 1S = o0} + 3 o ([E[Xo| 7)) 1{S = n}.

Now we use Jensen’s inequality for the convex function x — ¢(|z|):

o(1Xsl) < (1 Xool) 18 = 00} + 3" Efp(|Xoc )] 1{85 = n}.
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Taking expectation, and using the characterizing property, we get

E[o(1Xs])] < E|o(1Xol)1{S = +o0}] + " E[0(1Xec)) 1S = n}] = E[p(|Xa0])].

n>0

The right-hand side is finite (by construction of ) and the bound is uniform on all stopping times S. From
Proposition , this proves that the family (Xg), where S runs over all stopping times, is u.i. |

Proof of Theorem . From Proposition @, we know that (X, ar)n>0 is & martingale. It is easy to check
from the definition that this martingale converges a.s. to Xr, as n tends to +oc.

Since for each n > 0, the quantity n A T is a stopping time, the family (X,a7)n>0 is a subfamily of the
family (Xg), where S runs over all stopping times. From Lemma m this family is u.i. Therefore the
martingale X, \7 converges to X7 also in L'. Consequently

But, from the optional stopping theorem for bounded stopping times (Theorem @), we know that for every
n > 0, we have E[X,,1| = E[X]. We conclude that E[X1] = E[X], as wanted. O

10.4. L? convergence. In this section, we discuss LP convergence of martingales. For background and
motivation for LP convergence of r.v. in general, we refer the reader to Appendix

Theorem 10.5 (Submartingale LP convergence theorem). Let (X,,),>0 be a submartingale and p > 1. Then
the following assertions are equivalent:

(1) supy>o [ Xnllp < 00;
(i1) (Xn)n>0 converges to some Xoo in LP.
Comments

e The implication (ii) = (i) is true for any sequence (X,,),>0 of r.v.; see Proposition @ Ounly the
implication (i) = (ii) uses the martingale assumption and needs to be proven.
e (i) holds in particular for any p for bounded martingales.

Proof of (i) = (). From Proposition @ used with ¢(z) = P, the hypothesis sup,,~¢ || Xn |, < oo implies
that the martingale (X,,),>0 is u.i. Therefore, from Theorem , it has some a.s. and L' limit X,,. We
need to prove that X, is in LP and that the convergence X,, — X, holds in L? as well.

We recall Doob’s LP inequality (or rather Corollary B.4): if X7, = sup,>|X;|, then

1Xllp < 255 SHPIIX Ip-

Assuming (i), we have X% is in LP. Since |Xo| < X% a.s., Xo is in L as well.
We finally want to prove E[|X,, — X|P] — 0. We will apply the dominated convergence theorem.

e Since X,, ¥ X, we have | X,, — X|? tends to 0 a.s.
e Moreover, a.s., we have

| X = Xool? < (1Xn] + [Xoo )P < 277 H(IXn [P + [Xoo|P) < 277 H(IXS P + [ Xoo|),

where the middle inequality uses the convexity of the fonction x — |z|P. The upper bound is
independent of n and integrable (since X% and X, are both in L?).

We conclude that E[|X,, — X |P] = 0, i.e. X,, converges to X in LP, as wanted. O
11. BACKWARDS MARTINGALES
In this section, we consider martingale indexed by negative integers. For simplicity, we do not discuss

generalizations, as backward submartingales.

"The material of this appendix will be presented in class.
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Definition 11.1. Let (Q,F,P) be a probability space, then a negatively indexed sequence (Fn)n<o 15 @
backward filtration if each F, is a o-algebra and we have

CF o CF 1 CFCF.
Moreover a negatively indeved sequence (Xp)n<o of mv. in L' is a backward martingale if each X, is

Fn-measurable and, for every n <0,
E[Xn+1|]-"n] = X,.

As for usual martingales, we have more generally E[Xp\]-'n} = X, for p > n. In particular E [XO\]:"] = X,,
i.e. all backward martingales are “closed” (borrowing the terminology we introduced for usual martingales).
Consequently, from Corollary , all backward martingales are u.i. This observation is used in the following
convergence theorem; note there is no assumptions, besides being a backward martingale.

Theorem 11.2. Let (X,)n<o be a backward martingale. Then there exists a r.v. X_o in L' s.t., asn

a.s., Lt

tends to —oo0, X,, == X_

Proof. The proof uses Doob’s upcrossing inequality. Since this inequality is stated for usual martingales
(and not backward martingales), we need to construct a usual martingale. Fix N > 0 and define, for k > 0,

ar = Fmin(k—N,0) v = Xmin(k—N,0)-

For each fixed N > 0, we have a filtration (G )g>0 and a martingale Y* := (V;¥)> w.r.t. that filtration
(straightforward to check).

Doob’s upcrosisng inequality (Theorem @) applied to the martingale (—Y;¥)x>0 at time k = N tells us
that, for any rational numbers a < b, we have

E[USY(-Y")] < 2E[(-YR —a)4].

But —Y# = X, and one can check easily that U](\‘,l’b)(—xk) = U](\,fb’*a)(il)7 where X/ := X_, is the
positively-indexed version of X,,. Summing up, we have

E[US"™(X)] < 2B [(-Xo — a)4],

where we note that the right-hand-side is independent of [N and therefore gives an upper bound for E [Uég b-a) (X’ )] =
limy o E[U ](Vfb’fa) (X')] (this limit holds by monotone convergence).

The proof is now similar to the forward case. The probability that Uéo_ b-a) (X') < oo is one. Since this
holds for any rational numbers a < b, we know that a.s., the sequence X' satisfies: for all @’ := —b < V' := —a,

Uéoa,’bl)(il) < 0o. By the upcrossing lemma (Lemma @), this implies, that for almost all w, the sequence
X/ (w) as n tends to +oo, or equivalently X, (w) as n tends to —oo, has a limit which we denote X_ . (w).
This defines a r.v. X_o and we have X,, == X__, as n tends to —oc.

Using Fatou’s lemma, we have

E[|X_w|] < liminf E[|X,|] < +oo,
n——oo
the last bound coming from the fact that (X,,)n<o is u.i. (see the discussion before the theorem) and hence
bounded in L' (Proposition @, item (i)). We conclude that X_ is in L;.

Finally, recall that X,, =% X_.. Since (X,)n<o is w.i., from Proposition @, item (iii), we have
X, = X_oo in L' as well. O

12. SOME APPLICATIONS
12.1. The strong law of large numbers.

Theorem 12.1. Let (Y;);>1 be a sequence of i.i.d. random variables with EUYlH < oco. Then

Y1++)/n a,s.,Ll
_

- E[V4].
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(The right-hand side is the constant random variable X, s.t. X (w) = E[Y] for (almost) all w.)

The proof of the theorem uses backward martingales and the two following properties of conditional
expectation (left as exercises to the reader)

(i) Let X be ar.v. defined on a probability space (2, F,P) and B and C be o-subalgebra of F. We assume
that (X, B) is independent from C. Then

E[X|o(B,C)] =E[X|B]
(ii) Take (Y;)i>1 as above and S,, = Y1 + --- 4+ Y,,. Then, for ¢ in {1,--- ,n}, we have ]E[Yz|5n] = % a.s.

Proof. We set S, =Yy + -+ + Yy, G_py = 0(Sn, Spy1,-+) and X_, = 2= for n > 1.

Claim: (X,)p<—1 is a backward martingale w.r.t to the filtration (Gp)p<i1.

Proof of the claim: clearly X, is in L' since the Y;’s are in L' and X, is (G,)p<1-measurable. We also
note that G_,, = 0(Sn, Ynt1, Ynt2, - ). Using the above properties (i) and (ii), we have, for p=—n < 1

1
b (Su gy Suy_ 8.

Therefore the martingale property is verified and (X,)p<—1 is a backward martingale, as claimed.

1
From Theorem , we know that there exists X_o in L! sit. X, e X_ as p tends to —oo.

1
Since X_,, = %, this translates as % e b X_o as n tends to +o0o and the only thing left to prove is
X_o =E[Y1] a.s.
As the convergence X, — X_., holds in L', we also have convergence in expectation and
(13) E[X_ o] = lim E[%2] = E[vj].
n—oo

n

Besides, for each N > 1, X_ is 0(Yn11, Yyao,- - ) measurable. Indeed, setting SN = Zi=N+1 Y;, we have

. . SN
lim 5= = lim 2=
n—00 n—oo

and the RHS is 0(Yn+1, Yni2, ) measurable. We conclude that X_ ., is

HOC = ﬂ U(YN+17YN+27"')
N>1

measurable. But H, is known as Kolmogorov’s tail algebra and Kolmogorov 0-1 law states that events in
this algebra have probability 0 or 1 [JP04, Theorem 10.6] or equavalently, r.v. which are H.-measurable
are a.s. constant. Therefore X_o, = C a.s. for some real number C. But C' = E[X_] = E[Y3] by Eq. (@)
above, which concludes the proof. O

12.2. Hewitt-Savage zero-one law. Let (Y;);>1 be iid. random variables and X = F(Y7,Ys,---) be
some random variable. The function F is called symmetric if, for any permutation 7 : N — N with finite
support and any variables x1,zs, ..., we have

F(zray, T2y, ) = F(21,22,---)
Theorem 12.2. Let (Y;);>1 be i.4.d. random variables and F' be a symmetric function as above. Then the
rov. X = F(Y1,Ys,--+) is a.s. constant.
Ezxample. We take
F(zy,29, ) = 1{331 + -+« + x, > 10 for infinitely many n}

Then F(Y7,Y2,---) =1as. or F(Y1,Ys,---) =0 a.s. (this depends on the distribution of Y), i.e. either the
partial sum sequence goes infinitely many times above 10 a.s., or it stays ultimately below 10 a.s.
This extends to any dimension and any Borel set B instead of the interval (10, +00).
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Proof. W.l.o.g., assume F' bounded (otherwise replace F' by ¢ o F' where ¢ is a bounded injective function);
this implies that X is in L'. We set
fn:O—(Yh"’ ,Yn)a gn:U(Yn+17Yn+2a"')a

and let X,, = E[X|F,] and Z,, = E[X|G,]. The sequences X,, and Z, defines usual martingale, resp.
backward martingales with respect to the filtration F,,, resp. backward filtration G,. Therefore, from
Theorems and (note that X,, is a closed martingale by definition), we know that X, and Z,
converge a.s. and in L' to X, and Z, respectively. Furthermore, we have

X = E{X|0(Un20fn)} ~ X.

On the other hand, Z is ,,~, G» measurable, and hence a.s. equal to a constant C, by Kolmogorov 0-1
law. Since we have L' convergence, we have
C =E[Zy] = lim E[Z,] = E[X],
n—oo
where the third inequality follows from Z,, being a backward martingale. To sum up, Z,, converges to E[X],
a.s and in L.

But X, is F,, measurable, and hence, X,, = g(Y7,...,Y,,) for some measurable function g. Recall that X,
tendsin L' to X = F(Y1,Ya,...). Since (Y7, Ya,...) has the same law as (Y, 11, ..+, Yon, Y1, ..., Y, Yoni1,...)
(these are i.i.d. random variables, changing the order does not change their joint law), we have that
9(Yni1,...,Ys,) tends in L! to

F(Yot1,.. ., Yo, Y1,...,Y, Yo i1,...) = F(Y1,Ys,...) = X,
where we used the symmetry of F'. Concretely, we have
lim E“g(YnH, o Yop) — X” —0.
n—oo

Since taking conditional expectation is a L' contraction (Jensen’s inequality), we also have
nlggoEUE[g(YnH,...,an)|gn] fIE[X|gn]|} —0.
But g(Yn41,. .., Y2n) is G, measurable and E[X|G,| = Z, by definition, so that
Tim [[g(Voir. o Yan) = Zally = 0.

However, we have proved that ¢(Y,11,...,Y2,) tends to X in L' while Z, tends to E[X]. This forces
X = E[X] a.s., which is what we wanted to prove. O

12.3. Galton-Watson processes. The two applications above are “theoretical” applications of martingale
theory. There are also many applications in the analysis of probabilistic models: the idea is to find a
martingale in the model, and use convergence results for this martingale to understand the behaviour of the
models. A few examples of this kind are given in the exercise sheet (gamble models, urn models, ..). We
give here a standard one: Galton-Watson processes.

Let p be a probability measure on {0, 1,2, -+ } with m := 3, ip(i) < oo. We assume that 0 < p({0}) <
1 (otherwise, the model is trivial).
Let (g;gn))k,n21 be a collection of i.i.d. random variables with law u We set Xy = 1 and for n > 0,

Xn
X1 = Zfl(anrl)'
k=1

(The number of terms in the sum defining X, 11 is X,,.

Interpretation: this models the number of individuals in a population with asexual reproduction (or
considering only males in a population; the model was initially introduced to estimate the probability of
survival of last names of Lords in England). Then X, is the number of individual at generation n; f,g"'H) is
the number of children of the k-th individual of generation n; this is a random variable following a distribution
1, which is called the offspring distribution. See Fig. P.

Main question: Will there be extinction or survival of the population? i.e. what is the probability that

Xn, = 0 for some ng (which implies X,, = 0 for n > ng)?
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0 Xo =1

1 X =3

2 Xo=5
Generation

3 X;=8

4 Xy =12

n Xu

FIGURE 2. The first 4 generation of a Galton-Watson process (this shows one possible
realization of the process). Taken from this url

A martingale: we consider the filtration

=0 ((fff))psn,kZO) :

(This is the o-algebra containing what happens until generation n.) Clearly, X,, is F,,-measurable and

E[X 11| Fn] [Zg(n+l) E Z [k < X, n+1)|]:]
k

We have replace the upper bound X, in the summation index by oo and added 1[k < X,,] in order not to

manipulate a sum with a random summation set. We now use that X,, is F,,-measurable, while 5,(:“) is

independent from F,,: we get

(X1 Fal = Y1k < XLE[E ] = -1k < XoJm) = m X,..
k=1 k=1

Dividing by m™*!, this gives

B[t 7] = o

This proves that M, := Ti: is a martingale (why is it in L'?). Since it is nonnegative, Theorem @ (applied
to —M,,) implies the existence of Z in L! such that M,, == Z (but we might not have convergence in L').

How to use this martingale convergence? We now need to distinguish 3 cases

m < 1: Observing that either M,, = 0 or M,, > # — 400, we see that M, can only converge if
M, = 0 for n large enough. Therefore, a.s., there exists ng (depending on w) s.t. M,, = 0 for n > ny.
This implies that X,, = 0 for n > ng, i.e. we have almost sure extinction.

Note: consequently in this case, Z = 0. On the other hand, for all n > 0, we have E[M, ] =
E[My] = 1 (martingales have constant expectation). In particular, we note that E[Z] = 0 #
lim E[M,,] = 1, so that the a.s. convergence M,, — Z does not hold in L!.

m = 1: In this case, M,, = X,,. Note that, for n,k > 0, ]P’[X,Hl = k|X,, = k] < 1 so that for fixed k
and ng,

IP’[Xn =k for all n > no] =0.

Taking a countable union, we conclude that the probability that X, converges (or equivalently
stabilizes) to some k > 0 is equal to 0. Since X,, converges a.s. to Z, we conclude that necessarily
Z = 0 a.s. This implies that a.s., X,, = 0 for n > ngy (ng depends on w), i.e. we have almost sure
extinction.


https://corecomputations.wordpress.com/2011/07/26/the-galton-watson-process-part-i/

PROBABILITY II 27

m > 1: In this case, one can prove that there is a nonzero probability of survival, i.e.
P[X,, > 0 for all n > 0] > 0.
For simplicity we only prove this assuming that ms := ;5 k2u({k}) is finite.
We first prove that M,, is bounded in L2. We have

E Z 1) < X, )1k < X”]§§n+1)§z(€n+1)|fn

Jk=1

= 3 10 < Xk < KR [ El ).

Jik21

E[X} 11170

(n+1) and g(nJr )

where we used that X,, is F,,-measurable, while &; are independent from F,,. The

expectation in the last line is mo when j = k and m? when j # k (in this case §J(»"+1) and E,(Cnﬂ) are
independent one from the other). We get

E[X2 4 |Fn] = Xpmo + (X2 — Xp)m? = (ma — m?)X,, + m* X 2.

2n+2 and taking expectation, we have

mo — m2
mn+2

Dividing by m

E[M34] = E[M,] +E[My].

But E[M,,] = E[My] =1 (since M,, is a martingale) and E[MZ] = 1, so that
) n—1 My — m2
E[M] =143 = 5
k=0

which is bounded since mk;; is the general term of a convergent geometric series (the common
ratio is m~! < 1). This proves that M,, is bounded in L? and therefore the a.s. convergence M,, — Z
holds in L? as well (Theorem | . We therefore have E[Z] = lim,,_,oc E[M,] = E[My] = 1. This
proves P[Z > 0] > 0. But Z >0 1mphes that X, is nonzero for n sufficiently large (and hence for all
n, since X,,, = 0 implies X,, = 0 for all n > ng). We have proved that there is a positive probability
of survival.

Note: it is easy to show that the probability of extinction is also nonzero, indeed

P[X,, = 0 for some n > 0] <P[X; = 0] = u({0}) > 0.

Part C. Markov chains
13. BaAsics

Framework. As in the previous chapter, we will consider some random processes (X, )n>0 on a (filtered)
probability space. We additionally make an important assumption throughout Part (J: X,, takes value in a
countable space S (called “state space”). This implies:

e for fixed N, the law of Xy is determined by the individual probabilities (P[Xy = 5])scs.
o the law of the whole process (X,,)n>0 : Q@ — SN is determined by the cylinder probabilities

([P[onso,Xlel,"' 7XN:5N])N20,50 sNES T

.....

(This is a consequence of Kolmogorov extension theorem!.)
13.1. The Markov property.

Definition 13.1. A random process (X, )n>0 with values in a countable space S has the Markov property if
one has

P[Xn-‘rl - 3n+1|X0 = S50, 7Xn - Sn] - P[Xn-i-l - 5n+1’Xn - 5n]7
for alln >0, s0,81,** , SnySnt1 € S such that P[Xg = sg, - , Xn = $pn] > 0.
A random process (X,,)n>0 with the Markov property is called a Markov process.


https://en.wikipedia.org/wiki/Kolmogorov_extension_theorem
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In words, the law of X,,11 knowing (X, -, X,,) is the same as that knowing X,,. This means that if, at
time n, you want to predict the next state X, 11 and if you know the current state X,,, then the previous
states Xg, -, X,—1 will not bring you extra information. Such models are sometimes called memoryless:
knowing the present, the future is independent from the past.

The Markov property in fact implies more generally the following:
Lemma 13.2. Let (X,) be a Markov process. Then, for any A C S™ and B C SP, we have
(14)  P(Xng1, s Xngp) € Bl Xy =50, (X0, -+, Xpm1) € A] = P[(Xng1, -+, Xngp) € B| Xy = 50,
as soon as the conditioning events have nonzero probability.
We will use the above lemma repeatedly saying only “using the Markov property”.
Proof. We first want to prove, that, for any n > 0, s, Sp4+1 in S and A C S™, we have
(15) P[Xpt1 = Snt1|Xn = s, (X0, -+, Xpo1) € A] = P[ X1 = spp1| X = 5]

The Markov property corresponds to (@) when A is a singleton (such that the conditioning event is nonzero).
Assume ([15) holds for two disjoint sets A; and As: then, we have

P[Xn—i-l = sn+1aXn = Sn, (X07 e aXn—l) S Al]
IP[X’IL = Sn, (XOa e 7Xn—1) S Al]

= ]P)[XnJrl = Sn+1|Xn = Sn]

P[Xn+1 = Sn+17Xn = Sn, (XO; te 7Xn71) € AZ]
P[Xn = Sn, (X07 T 7Xn—1) € AZ]

Using the easy fact that ¢ = X = ¢ implies ‘;_t; = X as well, we have

P[Xn+1 = Sn+1, Xn = 5n, (Xo, -+, Xn1) € (A1 W AQ)]
P[X’n = Sn, (XO7 e 7Xn71) S (Al W AQ)]
This proves that Eq. (@) holds for A; W As. We conclude that it holds for all A C S™ (such that the

conditioning event is nonzero).
Now, taking in addition s, 42 in S, we have, using the definition of conditional probabilities

= ]P[Xn+l = Sn+1|Xn = Sn] .

P[Xn41 = Snt1, Xnt2 = Snt2|(Xo, -+, Xno1) € 4, X,y = 5,
=P[Xpnt2 = Snt2| Xn+1 = Snq1, (Xo, -+, Xno1) € A, X, = 5]
P[Xpy1 = sn+1|(X0, o Xpl1) €A X, = 5,
We can apply twice (@) (once with n and A, and once with n + 1 and A x s,,) and get
P[Xpnt1 = Snt1, Xng2 = sna2|(Xo, -+, Xno1) € A, X, = s3]
=P[X,12 = Sni2| Xn+1 = Snt1|P[Xng1 = Sny1| Xn = s
But applying again (@), we have
P[Xn+2 = sn+2{Xn+1 = 5n+1] = P[Xn+2 = Sn+2’Xn+1 = Sp+t1, Xn = sn].
This implies
P[Xy11 = Sn41, Xpgo = sn+2}(X0, L, Xp1) €A X, = s,
= IF’[XnH = sn+2’Xn+1 = Sp41,Xp = sn] ~]P’[Xn+1 = Sp41|Xn = sn}
=P[Xn41 = Sn+1, Xnt2 = Snp2|Xn = sn,

where the last equality is a simple manipulation of conditional expectation.
An easy induction on p with similar arguments proves

P[Xn+1 = Sn+41,° " 7Xn+p = 5n+p|(XO7 e ,Xn_l) c A,Xn = Sn]
= P[Xn+1 = Sp41, " 7Xn+p = Sn+p Xn = Sn:I.

Summing over tuples (sp41,- -, Sntp) in some set B we get (@) O
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Warning: however, taking C' C S, in general we have
P[Xn+1 = mn+1|Xn € Ca Xn1= xnfl] 7é P[Xn+1 = mn+1|Xn € C]

Example: let X,, =Y +---+ Y, be a simple random walk on Z (i.e. the Y; are i.i.d. uniform in {—1,+1}).
It is a Markov chain (see Section [14.4.2 later). Note that

(Xy € {22 A(X;=1)= Xy =2,

so that
P[X;=3/X,€{-2,2},X; =1] =P[X3=3|X=2,X; =1] =P[X;3 =3|X, =2 =1/2.

On the other hand
P[Xs =3 A X5 € {-2,2}] PXs=3AX,=2] 1/8

P[X5=3|X; € {-2,2}] = PIX, € {—2,2]] TPXo= 2+ PXo=2 1)2

—1/4.

13.2. Transition matrices. Let (X,,),>0 be a random process with values in S. For z,y in S and ¢ > 0,

we denote
P X;11 =y|X; =2 when P X; =2x] > 0;
(16) Qulay) = { i =yl =) il

any value otherwise.

Q; is a function S x S — R. We will think at Q; as a matrix (possibly of infinite size, whose rows and
columns are indexed by S) and call @; the transition matrix at time .

Lemma 13.3. If (X,,),>0 has the Markov property, then
P[Xo = s0, X1 =51, , Xy = sn] = P[Xo = 50]Qo(s0,51) - Qn-1(sn—1,5N)
In particular the distribution of a Markov process (X,,) is determined by its initial distribution (P[Xy =
50])spes and the transition matrices (Q;)i>o-
Proof. Assuming the probability of the conditioning events are non-zero, we have
P[Xo =0, X1 =51, , Xy =sn| =P[Xn = sn|Xo =50, , Xn_1=sn-1] P[Xo =50, , Xn_1 = 5n_1]
=P[Xy =sn|Xn-1=s5n-1]P[Xo =50, , Xn_1=5n-1]
= Q(sn-1,sN)P[Xo =50, , Xn_1=5Nn_1],
where we used the Markov property in the second line. Note that the last equality holds also in the case
IP’[XO =50, ", XN_1= sN,l} = 0. Iterating it, we get the formula in the lemma. ([l
Definition 13.4. Let S be a countable set. A “matriz” Q : S x S — R is called stochastic if it has
nonnegative entries and row sums equal to 1.
In equation, Q(x,y) > 0 for all z,y in S, and for z in S,
> Qa,y) = 1.
yeSs
Lemma 13.5. The transition matrices Q); defined in (@) can be chosen as stochastic matrices.
From now on, we assume that choices in (@) have been done such that @; is stochastic matrix.
Proof. Tt is clear that rows corresponding to some x with P[X; = z] > 0 (those whose entries are well-defined)
have nonnegative entries, which sum up to 1 (they are conditional probabilities). The rows corresponding

to some z with P[X; = ] = 0 can be filled with arbitrary values without any constraints: it is therefore
straightforward to choose nonnegative values with sum 1. (Il

Given two S x S matrices Ry and Ry, we want to define their product as
(17) R1R2(x7y) = ZRl(maz)R2(Z7y)
zeS

However, when |S| = 0o, the sum might not be defined. This problem never occurs with stochastic matrices,
as stated in the following lemma.
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Lemma 13.6. If Ry and Rs are stochastic matrices, then the product Ry Ry is well-defined (in the sense
that the RHS of (@) is convergent) and is a stochastic matriz.

Proof. Assuming that R; and R, are stochastic matrices, the RHS of (@) is a sum of nonnegative terms
and therefore is defined as an element of Ry U {+o00}. Moreover, since entries of Ry are all at most 1, we
have

RiRy(z,y) = ZlezRgzy <ZR1xz)—1
zeS z€S
so that the product has in fact finite entries in [0, 1]. Moreover, for z in S,

ZRlRQ(x,y ZRlzzRgzy ZRlxz ZRQ(z,y) :ZRl(x,z):l,

yeSsS Y,2ES z€S yeS z€S

where we used the fact that all summands are nonnegative to change the order of summation. O
13.3. Chapman-Kolmogorov equations. Let (X,,) be a random process. For i < j, we denote

arbitrary value otherwise.

(18) Ql(z,y) = {

Proposition 13.7 (Chapman-Kolmogorov equations). When (X,,)n>0 is a Markov process, the arbitrary
values in ([L§) can be chosen so that, for all i < j < k, we have

QF = Q] Qb
Proof. To simplify, we consider only the case where the relevant events have positive probability. For z,y € S,
we have
QF(z,y) =P[Xy =y|X; = 2] = Y _P[X; =y|X; = 2, X; = 2]P[X; = 2|X; = 2],
z€S

where we use the law of total probability for conditional probabilities. Using the Markov property, we have
P[X; = y|X; = 2, X; = z] = P[X} = y|X; = z]. Therefore

Qf(a:,y) = ZP[Xk = y|Xj = Z]P[XJ = Z|Xi = x} = ZQf(z,y)Qi(x,z) = Q3Q5($72)7

z€S z€S
where we used the definition of the @): and of a product of stochastic matrices. |

13.4. Homogeneity.

Definition 13.8. A Markov process (Xp)n>o0 s (time-)homogeneous if one can choose arbitrary values in
(@) such that Q; is independent of i.

From now on, we only consider homogeneous Markov processes, which we call Markov chain. We denote Q
the common values of the Q;. We take it as a stochastic matrix, called the transition matrix of the Markov
chain.

Important facts:

o The distribution of a Markov chain (X,,),>0 is determined by the stochastic matrix @ and by the
distribution of Xg (called initial distribution). Conversely, given a probability distribution v on a
countable set S and an S x S stochastic matrix (), one can construct a Markov chain (X,,),>0 with
initial distribution v and transition matrix @ (admitted).

e Chapman-Kolmogorov equations for Markov chains give: for ¢ < j,

Q) = Q' ie., for all z,y in S, one has P[X; = y|X; = 2] = Q" "'(z,y)
(whenever P[X; = z| > 0).

13.5. Examples. From now on, we use the matrix notation @ = (Q, )z yes for transition matrices (instead
of the above function notation Q(z,y)).

General pattern: when X, is defined as a function of X,, and of some additional r.v. independent from
Xo, -+, Xy, then (X,,) has a Markov property. If furthermore, this function and the law of the additional
r.v. do not depend on n, then we have a Markov chain.


https://en.wikipedia.org/wiki/Law_of_total_probability
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13.5.1. Li.d. random variables. Let (X;);>0 be a sequence of i.i.d. r.v. on a countable set S with common
distribution p. Then (X;);>0 is a Markov chain with initial distribution p and transition matrix @, , = u(y).

13.5.2. Random walk on Z%. Let S = Z% and (Y)i>1 be iid. r.v. on Z% with common distribution w. Set
X, =Y1+---4Y, for n > 0. Then (X,),>0 is a Markov chain with transition matrix Q, , = p({y — z}).
Indeed, the Markov property is clearly satisfied and

PXyt1 =y[Xn = 2] =PYo11 =y —2|X,, = 2] =P[Yy11 =y — 2] = u({y — 2}),
where the second equality uses the independence of Y;, 11 and X,,.

13.5.3. Simple random walk on a graph. Let G = (V, E) be a graph. We assume V is countable and that for
every v in V, one has 0 < deg(v) < co. Fix a vertex vy and set v = 4, the Dirac measure in vg. For z,y in
V', we set

0 otherwise.

Qs = {degl(m) if {x,y} € F;
T,y -

Fig. E shows these transition probabilities for a concrete graph G.

F1GURE 3. Transition probabilities of the simple random walk on a 5-vertex graph G

For any graph G, the associated @ is a stochastic matrix. The Markov chain (X, ),>0 with initial
distribution v = §,, and transition matrix @ is called the simple random walk on G starting at vg.

Informally, we start at vg, i.e. Xo = vg a.s. At each time n > 0, we choose X, 11 uniformly at random
among the neighbours of X,,.

13.5.4. Galton-Watson (GW) branching process. Recall that the GW process with offspring distribution
is defined by Xg =1 a.s. and n > 0,

Xn
X1 = ZEI(:H_U’
k=1

where the (E](gn))k,n21 are i.i.d. random variables with law u.
This is a Markov chain, with initial distribution d; and transition matrix

Quy =P[Z1+ -+ Zy = y| = " (y),

where in the first expression, (Z1,- -+, Z,) are i.i.d. random variables of law u and in the second one, u*® is
the z-th convolution power of the p.

14. CLASSIFICATION OF STATES

Setting: we fix a transition matrix ¢ (=stochastic matrix) on a countable set S (=state space). For any
initial distribution v, there is a Markov chain (X,,),>0 with initial distribution v and transition matrix Q.
We will denote probabilities/expectations with respect to this Markov chain as P, and E,. For z in S, we
simplify Ps, and Es, to P, and E,. Informally the index « means that the chain starts in 2. (Some authors
also write P[- - - | Xo = z].)
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14.1. Transience/recurrence.

Definition 14.1. A state x in S is called
e recurrent (or persistent) if P, [In > 0: X, = z] = 1;
e transient if P, [Hn >0:X, = x} <1;

In words, P, [Ein >0:X,= a:] is the probability that, when starting at x, the chains comes back to = at
some time (not specified in advance).
Goal: given a transition matrix @, determine which states are transient/recurrent.

14.2. The generating function approach. We introduce additional notation: for z,y in S

In words, FSZ is the probability that, starting at x, the first “visit” in state y occurs at time n (if y = x, we
do not consider n = 0 as the first visit time; we will speak of the first “return” at x). Summing over n, we
get the probability that the chain ever visit y (resp. ever returns at x), i.e.

Fpy = Z F{" =P,[3n>0,X, =y
n>0
By definition x is recurrent if and only if Fj , = 1.

We would like a relation between @ and F (to get a recurrence criterion in terms of @). To this end, we
need to introduce generating series: for ¢t € [0,1), we set

Qz,y(t) = Z thZ«iy;

n>0

Fy,(t) = Z tnEn).
n>0

Since Q7 , and FI(Z:) are smaller than 1, both series converge for ¢ < 1.

Why generating series? For this to be interesting, we need two ingredients:

(1) One can find relations between the generating series;
(2) one can extract information on the object we are interested in (here F, ,) from the generating series.

Proposition 14.2. Fort in (0,1) and x,y in S with x # y, we have

(7') Qw,x(t) =1+ FI,I(t)QI,z(t)
(”) Qx,y(t) = Fx,y(t)Qy,y(t)-

Proof. Take x,y in S possibly equal. For m,r > 1, we write A,, = {X,, = y} and
BT :{Xr =Y, Xl #yv 5 Xr—l #y}

In words, A,, means that the Markov chain visits y at time m, while B, means that the Markov chain visits
y for the first time at time r. Using A,,, = By W--- W B,,, we have, for m > 1,

m m

vy =P X = y] = Po[Ap] = > Pu[An N B =Y Pu[Ap|B|Py[B,]

r=1 r=1
Let us consider the conditional probability P,[A,,|B,]; assume first » < m and imagine we are at time r.
The event B, contains the information on the state at time r (X, = y) and some information on the past
(we never visited y before), while A,, is an event about the future (X,, = = recall that m > r). By the
Markov property, we can forget about the past and we have

Po[Am|B,] = P[X,, = 2| X, = y] = Q)7

where the last equality is an application of the Chapman-Kolmogorov equations. On the other hand, by
definition P,[B,] = F\"), so that we get
m

m m—r (r)
T,y ZQ%ZJ T,y

r=1
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We multiply both sides by t”* and sum over m > 1,

Quzy(t) — Q2 y Z Qm tm — Z (Z Qm rpm— rF(rgtr>

m>1 m>1 \r=1

Setting p = m — r the sum over m > 1 and r € {1,--- ,m} can be rewritten as a double sum over » > 1 and
p=>0:

Quy() = Qo = | D_Qyt" | | DoFIN | = Quuylt) Fuy(8).

p>0 r>1

Using @) , = 1[z = y], this proves both (i) and (ii). O

The following lemma addresses item 2. above, i.e. how to extract the relevant information from the generating
series.

Lemma 14.3 (Abel). Assume a,, € [0,1] for alln > 0. Then

13%111 Zansn =Zan.

n>0 n>0

The notation s 1 1 means that we take the limit as s increases and tends to 1, i.e. with s < 1; as said
above the sum ) . a,s" is absolutely convergent for s < 1 and hence ) ., a,s" is a finite real number.
Since this is an increasing function of s (recall a,, > 0), the limit as s 11 exists, as an extended real number
(it might be +00). Similarly, as an infinite sum of nonnegative real numbers, the RHS always exists as an
extended real number.

Proof. Assume first ) . a, < +00. Then the series ), - a,s™ of functions on [0, 1] is normally convergent,
so that the sum ) ., a,s" is a continuous function on [0, 1]. This proves the lemma in this case.

We consider now the case ), ., a, = +00. Fix M > 0, there exists N > 0 s.t. Zf:]:() an > M. We can
then choose ¢ > 0 s.t. (1 —¢)V 2_%. For s > 1 — ¢, it holds that

IIRES WRLESD S
n>0 n=0
Such an € > 0 can be found for each M > 0, proving limgq; (ano an5"> = 400. O

Theorem 14.4. Let Q be a transition matriz on S and x,y be states in S. Then

(i) @ is recurrent if and only if 3, -, Q7 . = +00;

(i) if y is transient, then EnZO Qy, < +oo (in particular Q7 — 0, as n tends to o0);
(ii) if y is recurrent and Fyy >0, then 3, -, Q% , = +00.
Proof. By Proposition 7 for ¢ in (0,1), we have

1

= Foa(l)’
Using Abel’s lemma, as ¢ 1 1, the quantity F ,(t) tends to Fz,m. and Q. (t) tends to ) - Q% .. Therefore

Y, = F

n>0

Qgc,x (t) =

with the convention % = 400. We recall that x is recurrent if and only if F, , = 1. This implies that z is
recurrent if and only if Zn>0 Q" . = +oo, proving (i).
(ii) and (iii) follow easily using again Abel’s lemma and Proposition [14.3, item (if). O


https://en.wikipedia.org/wiki/Normal_convergence
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14.3. Relations between states.

Definition 14.5. Let z,y be in S with x© # y, we say that

e x communicates with y if Fy, > 0 or equivalently Q , > 0 for some n > 0 (notation: x — y);
e x and y intercommunicate if xt — y and y — x (notation x +— y).

By convention, x — x and x <— x.

Informally, £ — y means that we can go from x to y. The relation x — y is transitive, while x «+— y is
an equivalence relation. Equivalence classes are in many examples of Markov chains immediate to determine.

Lemma 14.6. If x is recurrent and x — y, then y is recurrent and necessarily, y — .

Proof. Since x — y, there exists p > 0 such that QF , > 0. We set C' = Q% . For n > 0, we have

n+p __ § n D n P n
Qa:,y - Qz,z zZ,Y 2 Qm,m T,y ~ CQm,x
z€eS
This implies

dar,=> Quir=c > Q.

n>0 n>0 n>0

But the latter sum is infinite (Theorem ) We conclude that » ., @}, = oo, proving that y is
recurrent (contrapositive of Theorem , item (ii)). -

We now prove that y — = (wlog, we assume z # y). To this end, take ng to be the minimal n > 0 such
that Q}; , > 0 (such an n exists since X — y). For i in {1,--- ,n9 — 1}, we have

P, [XZ- =z, X, = y] =P, [XZ- = ;v]IE”m [Xno =y|X; = x]

Using the Markov property, the second factor is Qg?y_i. The latter is 0 by minimality of ng. Thus, for any
iin {1, --- ,ng — 1}, we have P, [Xi =z,X,, = y} = 0. On the other hand P, [Xno = y} = Q3% > 0. Both
statements together imply

Po[Xno =y, X1 # 2, , Xpg—1 # 2] >0,

i.e. we hit y (at time ng) before coming back to = with positive probability.
Assume now for the sake of contradiction, that we cannot go from y to x (i.e. y 4 z). Then, whenever
we hit y before coming back to z, we never go back to x. Formally, for j > ng, P, [Xno =9y,X; = x] =
J—m0 — (). Combining with the above, we have

z,y
Pﬁ[Xno :anl #xa 7Xno—l #x)X’no-‘rl #:L‘7Xno+27éxa”'} >0

Consequently, with positive probability, we never go back to z. This contradicts « being recurrent. We
conclude that y — . ([

The lemma has the two following consequences, useful to identify transient/recurrent states.
Corollary 14.7. If © — y but y /4 x, then x is transient.
Corollary 14.8. If z <— y, then x and y are either both recurrent or both transient.

Definition 14.9. A subset C of S is called:

e closed if for any x in C and y in S such that x — y, we have y € C.
e irreducible if for any x,y in C, we have x +— y.

When the whole space state S is irreducible, we simply say that the Markov chain is irreducible.

Theorem 14.10 (decomposition theorem for Markov chains). Let Q be a transition matriz on S. The state
space S can be uniquely partitioned as

(19) S:TH'JClH'JCQH'J"',

where T is the set of transient states, and the C; are closed irreducible subsets of recurrent states (there can
be finitely many or infinitely many of them).
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Here is a schematic illustration of the theorem, where the dotted arrow represent possible transitions and
plain arrows are sure transitions (when you are in some Cj;, you stay in C; with probability 1).

We note that the transient part can be one or several equivalence classes. It might be possible to jump from
one to another of these classes.

Proof. Let (C;)1<i<k be the equivalence classes for <— on the set of recurrent states (k € Ny U{+o00}). By
definition, each C; is irreducible and ([L9) holds. We need to show that the C;’s are closed.

Take x in C; and y in S such that * — y. From Lemma , we know that y is recurrent and that
y — x. Therefore, we have © +— vy, and y is in the same <+— equivalence class as z, i.e. in C;. This
concludes the proof. O

We finish by a simple lemma, useful in some examples

Lemma 14.11. Let C be a closed finite subset of S. Then C contains at least a recurrent state.

Proof. For the sake of contradiction, we assume that all states in C' are transient. Fix x in C' and consider
.y for all y and large n:
e if y is not in C, then Q7 , = 0 since C' is closed;
e if y isin C, then y is transient and Q3 , — 0.
We conclude that > Q3 — 0 (each of the finitely many non-zero terms tends to 0). But the 37 Q3 , =1
for each n. We have reached a contradiction, proving that C contains at least one recurrent state. (]

14.4. Examples. We discuss recurrence and transience in the examples of the previous chapter.

14.4.1. Li.d. r.v. Here (Xy,) is a sequence of i.i.d. r.v. of distribution u. We have Q}; , = u(y) for all z,y in
S and n > 0. Then x — y if and only if u(y) > 0 and, similarly, y is recurrent if and only if p(y) > 0.

We have the decomposition S = T W C, where the set of transitive states T = {y € S : u(y) = 0} is a
union of singleton equivalence class, while the set of recurrent states consists of a unique close irreducible
component Cy; = {y € S : u(y) > 0}.

14.4.2. Random walk on Z%. Here X,, = Y; + --- 4+ Y,,, where the Y;’s are i.i.d. r.v. of distribution w. We
recall that X, is a Markov chain with transition matrix Q, . = u({z’ — z}).
We have x — 2’ if there exists n and y1,--- ,y, such that

w(y1), 5 w(yn) > 0 and =r4+y 4+ yn
Defining Supp(u) = {y € Z? : u(y) > 0}, this happens if and only if 2’ — z is in the semigroup G, generated
by Supp(u).

Case 1: G is not a group, i.e there exists g in G such that —g is not in G (since G is a semi-group, this
is the only group axiom that might fail). Then, for any z in Z¢, we have * — x + g but « + g /4 x. From
Lemma [14.6, this proves that x is transient.

Case 2: G is a group. There is no general answer, for some d and p, the random walk is transient (i.e. all
states are transient), in other cases it is recurrent (i.e. all states are recurrent); see Section for examples.

14.4.3. Random walk on a graph. Here, states are vertices, and x — y if there is a path from z to y. In
particular x — y, is a symmetric relation and the closed and irreducible subsets of S are the same. The
— equivalence classes are the vertex-sets of the connected components of the graphs.

We claim that when |V| < oo, all states are recurrent. Indeed, by Lemma , each connected component
contains at least one recurrent state (since it’s finite and closed). But since all states in a connected
components are equivalent, every state in the component is recurrent (Corollary ) This is valid for each
component, so for each state of the Markov chain.

For infinite graphs, we can have both transient or recurrent connected components (see, again, Section ,
for examples).
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14.4.4. Branching processes. Here, X,, is a Markov chain with transition matrix @, = ©**(y). In particular
for any = > 0, we have Q0 = £(0)® > 0 (we assumed p(0) > 0 so that extinction can happen). On the
other hand Qoo =1, and Qo , = 0 for any x > 0 (such a state is called an absorbing state). This shows that
any x > 0 is transient; 0 is trivially recurrent.

14.5. The simple random walk on Z?. Determining recurrence or transience is in general a difficult
problem and might need important computations. We study here the classical setting of the simple random
walk on Z¢. Calling (e;); <4 the unit vectors of Z%, we let (Y;);>1 be i.id. r.v. with P[Y; = +e;] = (2d)7}
and set X, =Y +---+Y,.

Theorem 14.12. [Pélya recurrence theorem, 1921] The simple random walk on Z2 is recurrence for d = 1
or d =2, and transient for d > 3.

Note: this is one of the most well-known theorem in probability theory. The change of qualitative
behaviour of the simple random walk depending on the dimension is remarkable.

Proof. Let 04 = (0,...,0) € Z%. We say that (x1,--- , T2, is a path of length 2n starting at 0y if, for each
1< 2n, |z; —x;—1| = 1 (setting zo = 04). For such a path, we have
Po, [X1 =1, , Xon = 22,] = (2d) 77",
while this probability is O for other lists (1, -, x2,). Therefore we have
Q3 o, =Po, [Xon =07 = > Po,[X1 =1, -+, Xop = 09] = (2d) " psn(d),
Z1,..Ton—1 €L

where pay,(d) is the number of paths of length 2n starting and ending at 04. (For obvious parity reasons,
ngz}i =0 for all n.)

We count such paths as follows. A path starting at 0 is a word in the alphabet {I;, D1,--- , Dg, Dg}, a
letter I; (resp. Dj) at position ¢ indicating that x; — 2,_1 = ¢; (vesp. m; — a1 = —e;j). The path ends at

0<, if and only if, for all j < d, there are as many I; as D;. We call a; this number. Then ay,-- -, aq satisfies
a1 + -+ ag = n: indeed the total number of letters is 2a; + ... 4+ 2a4, and is also the length of the path,
i.e. 2n. Given aq,--- ,aq with a; + --- + ag = n, the number of words with a; times the letter Iy, a; times

the letter Dy, as times the letter Iy, and so on, is the multinomial

2n B (2n)!
ai, ai,az,az,...,0aqd,0aq B (al!)Q"'(ad!)Q.
Since the numbers aq,--- ,aq are not prescribed in advance, we should sum over their possible values to get
the total number of paths, i.e.

pon(d) = Z (2n)!

We now analyze the convergence of 3 -0 Q3" 0, = > n>0(2d) "*"pan(d), splitting the discussion depending
on the dimension. - -

d = 1: in this case, we have
(2n)!
pan(l) = ()2’ Qoo = (n)?"

Using Stirling formula we get Q%% ~ (mn)/2. Since the latter is the general term of a divergent series, so is

3,’6. This implies that 0 is recurrent (Theorem ) Using the irreducibility (or the translation invariance)
of the chain, we know that all states are recurrent.

d = 2: in this case we can prove that ps,(2) simplifies to

= ()

This implies Q3" o, ~ (7n)~'. This is the term of a divergent series, and we conclude as for d = 1, that the
chain is recurrent.
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d > 3: here, it is not easy to find an asymptotic equivalent for pa,(d), but we will give an upper bound
(since we want to prove transient here, i.e. that > - (2d) ?"pa,(d), we need only an upper bound). We
start by the case where n is divisible by d, i.e. n = dr. Observe that if a; + --- + aq = dr, we have the
inequality a;!---aq! > (r)¢ (to see that, compare the factors on both sides). We therefore have

paan(d) < 2L 5 !

(r) (a1!) - (aa!)’

aq,...,ag>0
aj+...tag=dr

But the sum is easily seen to be equal to d%/(dr)!. We therefore have
(2dr)! a4
(rHa(dr)!

2

DP2dr (d) < ~n—oo (Qd)zdr

=-
27r

This implies that the sum -, Q%j’:od is convergent for d > 3.

To generalize this to the sum of all values pa,(d) of n (not only multiple of d), we observe that pa,,(d) is
increasing in n (appending I; D; at the end of a path of length 2n gives a path of length 2n + 2 with the
same ending point, and defines an injective procedure). Thus if n is in {(r — 1)d + 1,--- ,rd}, we have

p2n(d) < paar(d),  Q4l0, < 24> Q510, < (24)*'Q5,-
To each value of r correspond d values of n, i.e. nin {(r —1)d+1,--- ,rd}. We get
D Qo <d > (2d)* Q5 < +oc.
n>0 r>0

We conclude that 04 is transient (Theorem ) Since the chain is irreducible (or using translation invar-
ince), we know that all states are transient. ]

15. THE STRONG MARKOV PROPERTY

15.1. Statement. Let (X,),>0 be a Markov chain with transition @ and initial distribution u. Fix some
time k > 0 and a state s such that P[X; = s] > 0. The Markov property and the time homogeneity implies
the following:
Conditionally on {X} = s}, the time-shifted process (Xg+p)p>0 has distribution Py and is
independent from (X,,)n<p.

This is sometimes referred to as the weak Markov property.

We would like to replace the time n by a random time; as for martingale, we use the notion of stopping
time We denote the standard filtration associated to (X,,) as F,, = o(Xo,...,X,). Given a stopping time
T, we define Fr as the o-algebra generated by

{{T =n}NA, neNU{+oo} and 4 € F,}.
Informally, this is the o-algebra corresponding to everything that happens before the (random) time 7.

Proposition 15.1 (strong Markov property). Let x be a state in S and T be a stopping time such that
T < +oo implies X = x. Then conditionally on T < 400, we have (X14p)p>0 has distribution P, and is
independent from Fr.

Note: the statement does not depend of the initial distribution p.

Proof. Since Xy, ..., X, takes values in the countable space S, events in F,, are exactly the disjoint unions
of atomic events

{Xo=x0,...,Xn =x,}, for zg,...,z, €8.
We are interested in events A in Fr such that A C {T' < 400} Such events are disjoint unions of events in
the family
,,,,, z, ={T=n,Xo=x0,...,Xn=2xn}, forn >0, xg,...,2, € 8.
With this observation, the statement in the theorem rewrites as: for any A, 5, ., with nonzero probability
and any s, ..., Sk, we have

PM (XT = S50,--- 7XT+k = 5k|An,ac0,4..,:cn) = Px(XO = 850,--- ,Xk = Sk).
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Fix an event A, 4,.... 4, With nonzero probability. We recall that since T is a stopping time, {T' = n} is in
Fn- Using the above description of events in F,,, we know that

o cither {Xo =20,...,Xn =2,} C{T =n};
e or {Xg==x0,...,Xp =z, N{T =n} = 0.
The second case cannot occur since P, (Ap z,....2,) > 0. We are therefore in the first case and
An,xg,...,xn = {XQ =Ty -- 7Xn = -T'n}-
(The information T'=n in A, 4, .. 4, is redundant.) Moreover since T' < oo implies X1 = x, we must have

%y, = x, otherwise A, 4, .. », would have probability 0 Therefore, using the Markov property,

P,u(XT = S0y, XT+k = 5k|An,rg,...,mn) = ]P)/L (Xn = 80y aXn+k = 5k|X0 =Ty 7Xn = SC)
= IP’#(X” =80y Xntk = Sk|Xn =) = 05,,2Q(S0,51) - . - Q(Sk—1,5k) = Py (Xo =50,..., X =8k). O

Comment on the terminology: While these are called weak and strong Markov property, it relies on the
time homogeneity and not only on the Markov property.

15.2. First application: visiting recurrent states.

Proposition 15.2. Let Q be a transition matriz on S and x,y be intercommunicating recurrent states in
S. Then

P, Fn>0:X,=y]=1.
Proof. Assume w.l.o.g. that  # y. Let T, be, as usual, the first return time of the chain at z: T, < +o0
a.s. since z is recurrent. We set
p=P$[3n>0:Xn:y], quI[3n<Tx:Xn=y].
We have seen in the proof of Lemma that ¢ > 0. Moreover, we have
p—q:]P’E[Hn>TI:Xn:y,ﬂn<Tm:Xn:y] :IP’I[EIn>Tx:Xn:y| /Hn<Tx:Xn:y] -(1—q).

The event 3n > T, : X,, = y can be rewritten in term of X’p = X1, 4pasdp>0: X'p = y. On the other
hand, the conditioning event An < T, : X,, =y is in Fr,. By Proposition , we know that (X,),>0 has
the same distribution as (X, )n>0 and is independent from Fr_ . We conclude that

p—q=P;[In>0:X,, =y]-(1-¢q)=p(l—-q)=p—pq.

Since ¢ > 0, this implies p = 1, which is what we wanted to prove. O

15.3. Second application: numbers of visits. Let (X,,),>0 be a Markov cahin on S. For y in S, we
define
Ny=|{n>0:X, =y} => 1{X, =y} €NoU{+oc}.
n>0
In words, this is the number of visits of the process in the state y. Its expectation under P, is given by

Ex[Ny] =E; Z 1{Xn = y}] = Z}Px[Xn = y] = Z QZ,y
n>0 n>0 n>0
e If y is transient, we know that ) _, @}, < +oo (Theorem 14.4), i.e. E;[Ny] < 4+00. This implies

N, < 400 a.s.

e If y is recurrent and z — y, we know that >  _,Q} = +oc (again by Theorem )7 ie.
E,[N,] = +oo. It might still be the case that N, < +oco a.s. We will prove with the strong Markov
property that this is not the case.

We start by the case y = x.
Proposition 15.3. If x is a recurrent state, then, P;-a.s., we have N, = 4o00.

By definition of recurrence, under distribution P, we have N, > 1 a.s. The proposition tells us that in
fact N, = +o0 a.s.
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Proof. Let (X,,)n>0 be a Markov chain on S with transition matrix @ and initial distribution ¢,. We set
T =min{n > 0: X,, = z}. In words, T is the first return time in z. Since z is recurrent, we have T' < 400
a.s. Furthermore, we note that Xt = z a.s.

We consider the random sequence (Xr4p),>0 and denote

N, =|{p>0:Xp4, =z}

the number of visits of this process in #. We have N, = N, + 1 a.s. Indeed, both count the visits of (X,,)
at state x, except that, for N, we do not count the first visit (which occurs at time 7', by definition).

On the other hand, the strong Markov property (Proposition ) implies that (X74,)p>0 has distribution
P,, i.e. the same as (X,,). This implies N, 4 N,.

Bringing everything together we have N, 4 N, 4 N, — 1. We claim that this implies IV, = 400 a.s.
Indeed, we first write

Py[N, > k+1] = P, [N, — 1 > k] = P,[N, > k.
Iterating, we get that for all k£ > 0, it holds that P, [N, > k] = P, [N, > 1] = 1. Since this is valide for all k,
this yields
P.[N, =400l = lim P.[N, > k] =1.

k—+oo

The first equality follows from {N, = 400} being the countable intersection of {N, > k} (for k > 1). O
In the general case where y is possibly different from x, we have the following result.

Proposition 15.4. Ify is a recurrent state, then
Px[Ny =0 or N, :—|—oo} =1.

Note: combining with Proposition 7 if we assume x recurrent as well and x < y, we have P, [Ny =
—i—oo] =1.

Proof. We let T = min{n > 0: X,, = y} be the first visit time in y. If T = 400 (which might happen with
positive probability), we have N, = 0.

We now work conditionally on T' < 400 (assuming that this has positive probability, otherwise the
proposition is trivial). We have X7 = y. Applying the strong Markov property (Proposition ) tells us
that (X74,)p>0 has distribution P,,. Using Proposition , we know that a.s., (X74p)p>0 visits y infinitely
many times. Therefore, conditionally on T < 400, we have N, = +oo0. |

A consequence. We consider a random walk on Z, i.e. X,, =Y, + --- 4+ Y, where the (Y;);>1 are i.i.d.
r.v. Assume that E[Y;] = m # 0. Then, X,,/n tends to m a.s. (strong law of large numbers), which
implies |X,| — +o00 a.s. In particular, a.s., X,, = 0 for finitely many n, i.e. Ny < 400 Pp-a.s. From the
above results, this implies that 0 is transient. Using the invariance by translation of the model (if X,, has
distribution Py, then X,, + a has distribution P,), we deduce that all states are transient.

16. STATIONARY DISTRIBUTION, EXPECTED RETURN TIMES AND NULL-RECURRENCE

16.1. The distribution of X,. Let u, be the distribution of X,. Since X,, takes values in the countable
set S, this distribution is determined by the point probabilities (un(y))yes. We will think at this as a
row vector.

Using the law of total probability and the definition of the transition matrix @, we have

Mn+1(y) = P[Xn-i-l = y] = ZP[XTL"F]. = y|Xn = x]P[Xn = J)] = Z Q('T7y)un(x) = (:un : Q)(y)
€S €S

(In the last expression, the product of a row vector and a matrix is defined as usual, i.e. (v- M)(y) =
Y zes V()M (x,y); if the matrix is stochastic and the vector has nonnegative coordinates summing to 1,
then the sum is convergent and the resulting vector has coordinates summing to 1.)

The above relation simply writes ;11 = iy, - Q. Iterating this relation, we get

Lemma 16.1. The distribution pu, of X, is given by p, = poQ".
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16.2. Stationary distribution. Assume for a moment that u, tends to some limiting distribution e
(tn(z) = proo(x) for all z in S). Then the relation pp4+1 = py, - Q implies foo = poo - @ (at least heuristically,
but one can justify the exchange of limits and of the infinite sum contained in the definition of Q).

This motivates the following definition:

Definition 16.2. Let Q be a transition matriz on S and p be a measure on S. Assume p is nonzero (i.e.
u(S) > 0) and locally finite (i.e. p(x) < oo for all x in S). Then p is called stationary (or invariant) if we
have = p - Q.

Note: p = p-Q implies = p - Q™ for all n > 0. We will use this naive remark repeatedly.

Though we are merely interested in stationary probability distribution (for the reason explained above),
we define the notion of being stationary not only for probability distributions, but for all (locally finite)
measures on S (possibly infinite, i.e. of infinite mass).

If p is a stationary measure and « a positive real number, then ap is also a stationary measure. In
particular, if there exists a stationary measure p which is finite (i.e. of finite mass), then ﬁ 1 is stationary
probability distribution.

It turns out that the existence of stationary measures is related to transience/recurrence.

Theorem 16.3. Let Q be an irreducible transition matriz, then

a. if states are transient, there are no finite stationary measures;
b. if states are recurrent, there exists a stationary measure which is unique up to multiplication by a constant.

Comments:

e In the transient case (a.), we have no information about the existence of infinite stationary measures.
There are examples of transient irreducible Markov chains, for which no such measures exist, some
for which there are several non-equivalent ones (i.e. which cannot be obtained one from another by
multiplication by a constant).

e In the recurrent case (b.), we do not know whether the unique stationary measure is finite or infinite.
Again, both might happen.

e The theorem can be used to prove transience/recurrence in some cases. If there is a finite stationary
measure, then the states are necessarily recurrent. On the other hand, if one can find two non-
equivalent stationary distribution, then states are necessarily transient. (In both cases, we assume
Q irreducible, or apply the criterion within a close irreducible component.)

Proof. a. We proceed by contradiction: assume that there exists a finite stationary measure p. By definition,
we have p = p@, which implies that for all n > 0, u = p@". Unwrapping notation, we have that, for all y
in S,
py) =Y u@)Qr,-
zeSs
But since states are transient, for any x,y in S, we have lim,, o Q7 , = 0 (Theorem ), item (ii)). Using
the dominated convergence theorem, we have

Jim > @)@z, =3 (lim pl@)Qs,) = 0.
zeS zeS

n

Indeed, using the inequality |Q} ,| < 1, we see that the summand x +— u(x)Q7 , is dominated by x +— pu(x),
which an integrable (or here rather a summable) function independent of n; hence we can apply the dominated
convergence theorem.

From the two above displays, we conclude that p(y) = 0. This holds for all y in S, implying u(S) = 0.
This is a contradiction since we excluded the null measure in the definition of stationary measures.

b. Existence. We fix x in S and consider, under distribution P, the first return time 7, in z. In formula,
T, = min{n > 0: X,, = x}. We recall that T, < +0c0 a.s. since x is recurrent.
Now, for y in S, we define

VI (y) =D P [Xi =y,i < Tul.
=0

We claim that »(*) is a stationary measure on S.
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First, we observe that v(*) is nonzero since trivially, »(*)(z) = 1 (the summand for i = 0 is 1, other
summands are 0). We postpone the proof that v(®) is locally finite since we will prove this as a consequence
of the identity »®) = v(*)Q. So let us prove v(*) = (@) Q.

Fix y in S and consider

(20) D Quyv(2) =D Pu[Xi = 2,0 < Tu] Py [Xi1 = y|X; = 2]

z€eS z€S i=0
Note that T, > i gives information on the Markov chain until time 4 (it has not yet returned to z). Using
the Markov property, we have P, [X;11 = y|X; = z] = P, [Xiy1 = y|Xi = 2z,i < Ty], so that the above
product of probabilities simplifies as
P, [Xz =2z,1 < Tx]Px [Xi—i-l = y|Xz = Z} =P, [Xz =2z,1< Tx]]P)x [Xz'-&-l = y|X1 =2z,1< Tx}
= ]P%[Xz = Z,i < Tani+1 = y]

Putting this back into Eq. (@), exchanging the summation order (everything is nonnegative) and using the
law of total probability with the partition [, g{X; = 2} = , we have

oo (oo}
(21) D Qe () =D ) P [Xi =20 <To, Xig1 =y = Y Puli < T, Xig1 = ]
=0

z€S =0 z€S

For y = x, we have the equality of events {i < T,,, X;41 = y} = {T, = i+ 1}. But, when ¢ goes from 0
to 400, the latter is a partition of the probability space Q (recall that T, < 400 a.s.). It follows that the
probabilities in (@) sum up to 1 and that

Z Qzﬁzy(z)(z) =1= V(I)(x).
z€S

For y # x, we cannot have both X;,; =y and T, = i + 1, so that we can replace i < T, by i + 1 < T, in
(@) Setting j =i + 1, we have

oo

> Qe (2) =) Pulj < T, X; =y

2€8 j=1

But P, [XO = y] = 0 so that starting the sum at 5 = 0 or 7 = 1 does not change its value. Up to this
irrelevant change, the right hand side is the definition of ¥(*)(y), so that we have

(22) Z Qz,yy(z) (Z) = V(m) (y)
zE€S

also when y # x.
It remains to prove that v(®) is locally finite. As already explained, (@) rewrites as v*) = v(®Q and
thus implies v(®) = (=) Q" for all n. Looking at the z-coefficient, we get

1= 1@ () = 37 QU@ (2).
z€S

Fix now zg in S. Since the Markov chain is irreducible, one can find n such that Q7

n
2.z > 0. For such n, we
have

n oV (20) <) QE () =1,

zeS

implying v(®) () < 1/Q%, . < +oo. Since this holds for any zp in S, this proves that v(®) is locally finite, as
wanted.

Uniqueness. Let p1 be a stationary measure and z be an element of S. We want to prove that p = p(z)-v().
We first prove the inequality: for any y in S

(23) u(y) = p(z) - v (y).
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To this end, we prove by induction on p the following statement:

(Hp) p(y) > p(z) | D Pa[X; = y,i < Ty
=0

For y = = and ¢ > 0, we cannot have both X; = y = x and T, > ¢. Hence, for y = z, summands
corresponding to ¢ > 0 above are zero and the sum in the bracket is 1. The inequality is trivially verified
(for all p).

We now assume that y # z, implying in particular P,[Xo = y] = 0. Then the RHS of (Hy) is 0 and
(Hp) trivially holds. By induction we assume that (H,) holds for all y and we want to prove (Hpt+1). (The
following arguments are similar to the existence proof.) Using the invariance of u, the induction hypothesis
for p(z) and the definition of @, we have

wy) =D wz)Qy =Y plx) (Z Po{ X = 2,0 < To}Py [Xip1 = y| X = Z]) :

zeS z€S =0

Using the Markov property, we have P, [XH_l =y|X; = z] =P, [XH_l =y|lX; = z,i < Tz}, so that the
above inequality rewrites

w(y) > p() (ZZPz (Xiy1 =y, Xi =2,i < Tm]> .

=0 z€S8

Note that since = # y we cannot have both X;11 = y and T, =i + 1. Therefore we can replace i < T}, by
i+1 < T} in the above probability. We also use that 4, ¢{X; = 2} = Q to simplify the above expression to

n(y) = () <Z Py [Xit1=y,i+1< Tm])
=0

Setting j =+ 1, we get

p+1
p(y) > p(x) Zﬂ% (X =y.j < Ty

Since y # z and Xy = x, we have P, [XO =19,0< Tm] = 0 and starting the above sum at j =0 or j =1
does not change its value. in the above sum would be 0 and we can add it for free, This proves (H,11) and
concludes the induction: (H,) holds for all p.

Making p go to infinity in (H,) shows that for any y in S

+oo
(24) p(y) > p(x) | Y PalXi=y,i < Tu]| > p(z) - v (y).
1=0

(The sum is finite, as proved in the existence part.)
We still need to prove the reverse inequality: using the stationarity of y and (*) and the above inequality,
we have the following: for any n > 0

p(x) =S p)Qy, > ux) > v W)Qy, = @)™ (x) = u(=).

yes yes
Thus the inequality above is in fact an equality: this means that for all y in S (and all n > 0), we have
w(y)Qy . = (@) (y)Qy .-

For any y in S we can find n such that Q} , # 0 (since the Markov chain is irreducible); the above equation
then simplifies to pu(y) = u(z)r® (y). O
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16.3. Null and nonnull recurrent states. Consider a recurrent irreducible Markov chain ). The above
proof of existence of a stationary measure gives in fact more information since we have an explicit formula
for it. In particular, the stationary measure v(*) constructed in the proof has total mass

o0 o0
V(z)(S) - ZZPI [X’L =y,i < Tz] = Z]P)z [Z < Tz] = Em[Tz]
y€eS i=0 i=0

Two cases might occur:
e either the chain admit a stationary probability distribution x. By uniqueness, all stationary measures
are finite and proportional to it; in particular, for all  in S, we have v(*)(S) = E,[T}] < 4+o0 and

b= g [1Tz] v(®) In particular, evaluating at =, we have the important relation

-1

,u(x) = (EZ[Tx])
We call such chains or, equivalently, their states, nonnull recurrent.

e or the chain has no stationary probability distribution and hence no finite stationary measures. In
particular, for all 2 in S, the measure v(*) is infinite, i.e. v(*)(S) = E,[T}] = 4+00. We call such
chains or, equivalently, their states, null recurrent.

We generalize the definition beyond the irreducible case.

Definition 16.4. Let @ be a transition matriz on S. Then a recurrent state x in S is

o null recurrent if E,[T,] = +oo;
o nonnull recurrent if E,[T,] < 4o0.

Lemma 16.5. Let x,y be recurrent states with x <> y. Then x is null recurrent if and only if y is null
recurrent.

Proof. In the discussion above, we have seen that, for irreducible recurrent Markov chains, either all states
are null recurrent or all are nonnull recurrent.
For the general case, we consider the decomposition theorem Theorem m and write

S=TWC,WCyW---,

where T is the set of transient states and the C; are closed irreducible sets of recurrent states. Then for each
i, Q/(C; x C;) is a stochastic matrix (since C; is closed). The corresponding Markov chain on C; is irreducible
and its states are recurrent. We also note that the return time in z starting from x for the original Markov
chain or for the one restricted to C; have the same distribution (since we never leave C; when starting in
Cy).

From the irreducible case, either all z in X; fulfill E,[T,] = 400 or all fulfill E,[T,] < +oco. In other
words, either all z in C; are all null recurrent or they are all nonnull recurrent. This holds for all closed
irreducible components C;, proving the lemma. O

Finite case: let @ be a transition matrix on a finite state space S. Then for each closed irreducible
component C; of recurrent states, the Markov chain Q/(C; x C;) has a stationary measure. But locally finite
measures on a finite set are necessarily finite; so this stationary measure is finite and elements of C; are
nonnull recurrent.

We conclude that finite Markov chains have only transient or nonnull recurrent states. Recall in addition
(Lemma ) that such chains always have at least one recurrent state (which is thus nonnull recurrent).
Consequently, all states of irreducible finite Markov chains are nonnull recurrent.

16.4. Reversible Markov chains. Finding stationary distributions (and checking that they are indeed
stationary) is not always easy. We give here an easy sufficient condition (but not necessary, see Section )

Definition 16.6. Let QQ be a transition matriz on S. A monzero locally finite measure p on S is called
reversible with respect to Q if, for all x,y in S, we have p(y) Qy.e = 1(x)Qz,y-

Proposition 16.7. If i is reversible with respect to Q, then u is stationary.
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Proof. Let y be in S, we have

(1Q)y = Y 1) Qury = > 1(y) Que = 1(y) >, Qe = 1Y),

zeS €S €S

where the second equality use the reversibility of u and the last one the fact that @ is a stochastic matrix.
Since the above holds for all y in S, we have u@ = pu, i.e. p is stationary. O

16.5. Examples.

16.5.1. Li.d. r.v. Let (X,)n>0 be ii.d. random variables with distribution. This is a Markov chain with
transition matrix @, = p(y). We recall that s in S is recurrent if and only if x(s) > 0. We assume p(s) > 0
for all s in S so that the chain is irreducible and consists only of recurrent states.

It is easy to check that p is a stationary measure for Q. Since it is a probability distribution, the states
are all nonnull recurrent. Furthermore, for all z in S, we have E,[T;] = 1/u(x), which can either be seen
as a consequence of the general theory, or directly in this case, since T} has the distribution of a geometric
random variable of parameter p(x).

16.5.2. Random walk on Z¢. Let (Y;);<1 be ii.d. random Z? valued r.v. with distribution p and X,, =
Y1+ --+Y,. Recall that (X,,),>0 is a Markov chain with transition matrix @, , = pu(y —«). For simplicity,
we assume the chain to be irreducible.

Consider the counting measure 7 on Z%, i.e. m(z) = 1 for all z in Z?. This is a stationary distribution:
indeed, for any y in Z¢, we have

Yo r(@)Quy =Y nly—a) =) pz)=1=n(y),

€L zE€Z z€Z4

where, in the second equality, we set z = y — x, and in the third, we use that u is a probability distribution.
We note that 7 is reversible if and only if y is symmetric (u(—z) = u(z) for all z in Z9), providing examples
of stationary non-reversible measures (when g is not symmetric). Since 7 is infinite, the states are either
null recurrent or transient: in fact, both cases can append (recall Polya’s recurrence theorem for Z<). In
both cases, we have E,[T,] = +o0.

We now focus on the case d = 1 and P[Y; = 1] = 2/3 = 1 — P[Y; = —1]. Let p be the measure on Z?
giving weight p(k) = 2* to any integer k. We claim that p is reversible. Indeed, if y = = + 1

p(y)Qy,w = 21+11/3 = 212/3 = p(x)Qm,zﬁ

when y = z —1, the equality p(y)Qy.« = p(x)Qq,y also holds by exchanging x and y; finally, when |y —z| # 1,
both sides equal 0.

Consequently, p is a stationary measure. We therefore have two non-proportional stationary measures
7 and p. We conclude that states are transient (which we had already proved with another argument in
Section )

16.5.3. Random walk on graphs. Here, G = (V, E) is a (locally finite) graph (without isolated vertices) and
we consider the Markov chain (X,,),>0 on S =V with initial distribution d,, (for some z¢ in V') and
_ 1[{zy}eE]
QI Y deg(z) -
Let p be the measure on V giving weight p(x) = deg(x) to any = in V. Clearly u(z)Quy = p(y)Qys =
1[{x,y} € E], i.e. p is reversible. Hence, it is stationary.
We now assume that G is connected, implying that the Markov chain is irreducible.

e if [V| < 400 (implying F finite, since the graph is locally finite), then p(V) =3 .\ deg(z) = 2|E|
is finite and the chain has a stationary probability distribution = = ﬁ . Hence all states are
nonnull recurrent and we have E,[T,] = 1/7(z) = (2|E|)/ deg(z).

o If |V| = 400 (implying FE infinite as well, since we have no isolated vertices), then p(V) =
> wev deg(x) = 2|E] is infinite. Hence states are null recurrent or transient (both cases indeed
happen).
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16.5.4. A Markov chain without stationary measure. Let S = {0,1,2,---} and fix a sequence (p;);>o in (0, 1)
with [T:2pi > 0. We consider the transition matrix given by

Di itj=14+1;
Qij=4q1-p; forj=0;
0 otherwise.

We prove by contradiction that there is no stationary measure. Let (m(z))z>0 be one. Then we have, for
J>0,
m(j) = ZQi,jﬂ'(i) =pjam(j—1).
i

This implies 7(j) = 7 (0) Hf;ll p;. On the other hand,

7(0) = 3" Quon(i) = S 7(0)(1 — pi) = 3 ((i) = (i + 1)) = 7(0) ~ Jim x(i).
=0 =0 =0

But lim; oo 7(i) = m(0) [[;=¢ pi # 0, which leads to a contradiction.

17. THE LIMIT THEOREM

In this section, we are interested in a limit in distribution for Markov chains. I.e. given a transition matrix
Q and states x, y, does Q7 , = P,[X,, = y] converge?

17.1. Aperiodicity. We first see an example where it does not converge: take

0 1/2 1/2
S={1,2,3}, @=1[1 0 0|, z=y=1.
1 0 0

In words: if the Markov chain is in state 1 at some time n, it choses uniformly at random between states 2 and
3 at time n+ 1; if it is in state 2 or 3, it goes back to 1. Starting at time 1, we will clearly come back to state
1 at even times, and be either in 2 or 3 at odd times. Therefore we have Q7 ; = P1[X,, = 1] = 1[n is even].
In particular Q7 ; does not have a limit.

Let us note that this Markov chain is irreducible. Since the state space is finite, states are nonnull
recurrent, and there is a unique stationary probability distribution 7, with 7(1) = 1/2 and 7(2) = 7 (3) = 1/4.

Conclusion: to get a limit theorem, we need some aperiodicity assumption.

Definition 17.1. For x in S, we define the period of x as follows:
P(z) = gcd(A,), where Ay ={n>0:Q} , >0}

Note: Q7 , > 0 means P, [X,, = x] > 0, i.e. it’s possible to be back at state = in n steps. This is how we
think at it to determine A, in examples (we don’t need to compute Q7 ).
In the above example, we have A; = Ay = A3 = 2N, giving P(1) = P(2) = P(3) = 2.

Definition 17.2. A state x in S is aperiodic if P(x) = 1. A Markov chain (or equivalently, its transition
matriz) is aperiodic if all its states are aperiodic.

A sufficient condition for aperiodicity is that ()5, > 0. This is however not necessary, as shown in the
following example. Take

0 0 1
Q=1 o0 o
1/2 1/2 0

We have 1 ¢ A, (since Q11 = 0), but one easily checks that {2,3,4} C A,, implying nevertheless P(x) = 1.
As for recurrence/transient, the following helps finding the periods of states.

Proposition 17.3. If z <> y, then P(z) = P(y).



46 VALENTIN FERAY

Proof. We have to show that ged(A;) = ged(A4,). This follows from the two following claims (using that A,
and A, always contain 0):

i) if S is a subset of Z containing 0, then ged(S) = ged(S — S), where S — S denotes the set of differences
among elements in S, i.e. S — 5 = {s1 — s9, for s1,s2 in S}.

i) A, — Ay = A, — A,

Proof of i). Since 0 is in S, we have S C S — S, implying that ged(S — .5) divides ged(S). Conversely,
ged(S) divides any element of S, hence any element of S — S, and therefore it divides ged(S — 5)

Proof of ii). By symmetry it is enough to prove A, — Ay, C A, — A,.
The assumption z <+ y tells us that there exists p and r such that QF , > 0 and Qj, , > 0. Then for any
n in A,, we have

7‘+n+ n
(25) Q p T,T :g:,y > 07

y xT
proving that r +n +p is in A,.
Take a generic element n; — no in A, — A,, where ny and ny are in A,. From the above, we know that
r+mny+pand r +ng +pisin A,. Therefore (r +ny +p) — (r + na +p) = n1 —ny is A, — A,. This proves
Ay — A, C Ay — Ay, as wanted. O

‘We end this section with a useful lemma.

Lemma 17.4. Let y be an aperiodic element in S and x be such that v — y. Then the set A, , = {n >
0: @}, >0} contains all integers bigger than some threshold value no(x,y).

Proof. We start with the case z = y; then A, , = A,. Since y is aperiodic, the subgroup A, — A, of Z is
equal to Z itself. In particular there exists n; such that both n; and ny 4+ 1 are in A;. It is easy to see that
every integer bigger than n? is a nonnegative integer combination of n; and n; + 1 and hence belong to A;.
This proves the case x = y.

In general, since z — y, we know that there exists p such that Qf , > 0. With the same argument as

above, we have
Ary Cp+Ayy.
The lemma follows directly. O

17.2. The main limit theorem.

Theorem 17.5. Let Q be an irreducible aperiodic transition matrixz. Then for all states x,y in S, we have

lim P, [X, =y] = ,
n—oo Ey[T,]

where as usual, T, = min{n > 0: X,, = y}.
We note that the RHS is also (maybe better) described as:

e 0 in the transient and null recurrent cases;
e 7(y), where 7 is the unique stationary probability distribution, in the nonnull recurrent case.

An interesting remark is that the limit is independent from the starting point z. Informally, when run during
a long time, an irreducible aperiodic chain forgets about its initial condition.
Irreducible nonnull recurrent aperiodic Markov chains are sometimes called ergodic.

Proof. We consider the three cases (transient, null recurrent and nonnull recurrent) separately.
Transient case. Already proved (see Theorem , item ii)).

Nonnull recurrent case We let as usual (X,,),>0 be a Markov chain with transition matrix ) and initial
distribution §,. In addition, let (X ),>0 be independent from X,, and be a Markov chain with transition
matrix @ and stationary initial distribution: i.e. the distribution po of X| is the stationary probability
distribution 7 of @ (we know that it exists and is unique since @ is irreducible and nonnull recurrent). The
distribution of X/ is 7Q™ = m, see Section , ie. PIX] =y] =n(y).

The idea of the proof is to show that P[X,, = y] is close to P[X] = y].
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For this we consider the pair Z, = (X,,, X},). It is a Markov chain on S x S with initial distribution §, ® 7
(® is the direct product of measure) and transition matrix R defined by

Rao),(yy) = QuyQar -

We claim that R is irreducible. To prove this, take (x,2') and (y,y’) in S x S, we want to prove that
there exists n > 0 s.t. (R")(z,2),(y,y') > 0. Using the definition of product of matrices, we see easily that

(R") (2.2 .(yy) = (@")a,y(Q")ar . We consider
Apy={n>0: Qyy > 0}

and want to show that A, N A, #. From Lemma , Ay and Ay contains all integers bigger
than some ng(z,y) and no(z’,y’), respectively. In particular, A, , N A, , contains all integers bigger
than max (no(ac,y),no(x’ Y )) and hence is nonempty. This concludes the proof of the claim, i.e. of the
irreducibility of R.

A direct computation shows that 7 ® 7 is a stationary probability measure for R. This implies that the
chain Z,, is (nonnull) recurrent.

We fix some z, in S and consider the state (1‘.,1‘@1 S x 8. Let T(y, 2,y = inf{n > 0|2, @x.,x.)}
be the first passage time in (x.,Ze). By Proposition , we have T,, »,) < +oo (Proposition in fact
works with a Dirac initial distribution, but this generalizes to any distribution by conditioning on the value
of Xo) .

For p < n, let us consider IP’[X,L =Y Tzeze) = p]. The event T(,, ,,) = p contains complete information
about X,,, namely X, = x,. It contains also information on (X;);<, and Y. But X,, is independent from
(X])i>0, and, knowing X, it is also independent from (X;);<p. Therefore knowing X, it is independent
from {(X})i>0, (Xi)i<p}. We therefore have

]P[Xn = y|T(x.,x.) :p] = P[Xn = y|XP = LE.] = Q.

Te,Y’

where the last equality is an application of Chapman-Kolmogorov equation. Similarly,

P[X] = y|T(euen) =1 = P[X, = y|V, = 2] = Q1

Te,Y"

We conclude that
P[Xn =Y, Twewa) =P] = P[X} =y, Twaw) = 2] = Q2 )P T(0s 00) = Dl-
Summing over p > n, we have
(26) P[Xy =y, T(ze o) <n] =P[X), =y, T(zs.2.) <7
But
‘]P)[Xn =y —P[X0 =¥, o) < ﬂ]‘ = ’P[Xn =Y, Taewa) > nH < ‘P[T(Jc.,m.) > n] ‘

As n tends to +oo the right-hand side tends to P[T(,, ,,) = +oc] = 0. Similarly
lim P[X, =y] - P[X] =y, Ty, 2.) <n] =0.

n—oo

Going back to eq. (@), we have
lim P[X, =y] - P[X], =y] =0.

n—oQ

We conclude the proof using that IP’[X;L =y] = n(y), as observed at the beginning of the proof.

Null recurrent case. In this case, we use a similar strategy as before, comparing two Markov chains, both
with transition matrix @ but different initial distribution. Since there is no stationary measure, we use initial
distributions 6, and d,;, with x # zj. Formally we let X,, and X, be Markov chains on S with initial
distributions d,, and d,;, respectively, independent from each other. Let Z, = (X, X},). As before Z, is
an irreducible Markov chain on S x S with transition matrix R.

Again, if 7 is a stationary measure for @ (since we assumed @ null recurrent, there exists such a measure,
which is infinite), then 7 ® 7 is stationary for R. But 7 ® 7 is an infinite measure. This implies that R is
either transient or null recurrent.

Subcase where R is transient: in this subcase, we know (Theorem , item ii)) that, for any (z,y) and
(2',y') in S x S, we have

M Ry 0 gy = 0-

n—oo
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Taking ' = z and y' = y, we have R o ) = (Qg’y)Q, so that we have

which is what we wanted to prove.
Subcase where R is null recurrent: Copying the proof in the nonnull recurrent case, we get that, for all y,
lim P[X, =y] - P[Y, =y] =0.
n—oo
ie. lim, o ng’y — Q;@y =0.

We want to prove that for any z,y, we have lim,,_, | QQ’y = 0. We proceed by contradiction. Assume
that there exists (z*,y*) such that Q}. ,. does not tend to 0. Since Q7. ,. takes value in [0, 1], this implies
that there exists a subsequence ngl*iy* which converges to a nonzero value a,» ,«. Taking another pair (z°, y*)
in § x S, since ng’y. takes value in [0, 1], we can further extract a subsequence Q:ffy., which converges to
some value age 4o (possibly zero). Using the diagonal extraction principle, we can find a subsequence, that
we abusively denote ny, for simplicity, so that Q3% converges to some value a;,, for all (z,y) in S x S (since
S x S is countable). Furthermore the vector (az y)z,yes is not identically zero because o+ o+ 7# 0 (however,
other coordinates can be zero).

Recall that Q3 , — QZ;),y tends to 0 for any Xo, x( and y. This implies ay,,, = Qgl s 1-€. Qg y I8 in fact
independent of x; we denote it 8,. The vector (8y)ycs is not identically zero and can be seen as a (locally
finite) measure on S.

We claim that (3y)yes is a finite stationary measure for @), leading to a contradiction, since @ was assumed
to be null recurrent.

Proof of the claim.

Finiteness: We have, using the construction of 8 and Fatou’s lemma,

50, = 3 (Jim @) < it | Sz,
yeS yeS yes
But for any k, the sum }_ o Q3% is identically 1 (Q"* is a stochastic matrix), so that the RHS is
1. We have Zyes By < 1 proving that (8,)yes is a finite measure.
Stationarity: Using again the construction of 5 and Fatou’s lemma,

(3@ = 58,00 = X (Jim @2 ) Qe < timint | 3 @240, | = tminf @2

yeS yeS yeSsS

But we can also write
QU =) QeyQy-
yeS
We know that each summand @, ,Qy* has a limit Q8. as n tends to +-o0. In addition Q,,, QY%
is bounded independently on k by @,,, which is summable on y for = fixed (Zye g Qz,y = 1 since
@ is a stochastic matrix). We therefore have

Jim QR =3 QuyBe =B | D Quy | = Be

yeS yes
We conclude that, for all z in S,

But, on the other hand, using that @) is a stochastic matrix, we have

SNBQe=Y BQy-=> 8, (Z Qy,z> =>" 8,

zES y,2€8 yeSs z€S yeSs

where the exchange of infinite sums is justified by the nonnegativity of the summands. This implies
that the inequalities in (R7) are equalities, i.e. § is stationary. |
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Remark. In the nonnull-recurrent case, with a small easy change at the end of the proof, we can show that,
for any z in S,

yeS

(This is called convergence in total variation distance.)

17.3. Periodic chains. Let (X,,),>0 be an irreducible Markov chain, and let d be the common period to
all states (all states have the same period from Proposition ) If d > 1, the above theorem does not
apply. However, we can consider Y,, := Xy,,, which is a Markov chain of period 1. Note however that Y, is

not necessarily irreducible (see next subsection for a limit theorem for possibly reducible Markov chains).
We also have the following theorem for Cesard’s means

Theorem 17.6. Let Q be an irreducible transition matriz on S. Then, for all x,y in S, we have

1S 1
Jim, 52 Q=g

T

u[Ty]

Note that there is no aperiodicity condition here. In the aperiodic case (d = 1), this is a consequence of
Theorem (indeed, if a sequence converges, its Cesaro’s means converge to the same limit).
We skip the proof in these notes, see exercises.

17.4. Reducible chains.

Proposition 17.7. Let Q) be a transition matriz on S. Let X,y be in S. If y is aperiodic, then
F.y

vl Ty

where we recall that F, , is the probability to reach y (at some point) starting at x.

lim Q. =
n%QO’y E

Proof. If y is transient, then Q} , tends to 0 (Theorem , item ii)) and there is nothing to prove since
E,[T,] = +o0.
So let us assume w.l.o.g. y recurrent. We have

oo
k=1
If Ty > n (including T}, = +00), we necessarily have X,, # y. Therefore the first summand and all summands

in the sum corresponding to k > n are 0.
On the other hand, for k < n, we have

P (X, =y, Ty = k] = Po[Ty = k|P, [ X, = y | Ty = k] = Po[Ty = k|, [ X, = y | X = y] = P, [T}, = K)Q"F

Y.y 0

where the middle equality uses the Markov property and that T, = k means X, =y, X1 #k,..., Xp_1 # k.
To sum up, we have

(28) Qr, = P[T, =k|(1[n > kQy,F)
k=1

We claim that lim, . @y, = . Indeed, let C be the closed irreducible component of recurrent
Lid)

states containing y (see Theorem . Then R := Q/(C x C) is a stochastic matrix (since C is closed),
and it is irreducible.

We easily check that R}, = @y . In particular, y is aperiodic for R. The first return time 7} to y under
P, has the same distribution for the original transition matrix (), and for the restricted one R (since in the
original chain, the chain always stays in C).

Therefore applying Theorem , we get

. no_ 1
o o = BT
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This implies that for any fixed k, the quantity Z;k (and hence 1[n > k] Z_yk) tends to ﬁ as n tends
9 ? Yy Yy
to +o00. Using (@) the dominated convergence theorem, we have

o0
1
i @3, = - Pulfy = 4] (i, 102 HQ3) = YTy = K
k=1
We can indeed exchange the infinite sum and the limit since P,[T, = k]1[n > k]Qy_* is bounded by

P, [T, = k] independently of n and the sum >~ P, [T, = k] = P[T,, < 400} < 1 is ﬁmte The RHS of the
above display can be simplified and we get

N | = ) 1 _ Fuy
v o0 = B ) (Z e M) TEm T TEm)

concluding the proof. O

18. FINITE MARKOV CHAINS AND PERRON-FROBENIUS THEOREM

We focus here on the case |S| < oo; the transition matrix @ is then a standard square matrix and we can
use linear algebra to study Markov chains.

Theorem 18.1 (Special case of Perron-Frobenius theorem). Let @ be an aperiodic irreducible transition
matriz, then 1 is a simple eigenvalue and all other eigenvalues have modulus smaller than 1.

Here, simple eigenvalue means that 1 is a simple root of the characteristic polynomial of @ (this implies
that, but is not equivalent to, dim ( Ker(Q —Id)) = 1).

Proof. Since @ row sums equal to 1, we have Q1 = 1, where 1 is the column vector with all entries equal to
1. Hence 1 is a eigenvalue of Q.

Let A be a possibly complex eigenvalue of (Q and u be the associated eigenvector. We consider the maximal
coordinate of u (in absolute value) that is 2 in S such that

|ty | = Ifggﬂuﬂ

We have, for any n,

Uz | = |tz |,

| uwo‘ |(Qn 900‘ - Zon, uU ZQQJO yluy| < ZQ:EO,U

yes yes yeS

where we used that Q™ is a stochastic matrix in the last equality. We conclude that [A| < 1.

Moreover, to have equality, we need that
a. all @}, ,u, have the same complex argument;
b. for all Y, ng yluy| = ;:Lg,y|u930|
The second inequality means that |u,| = |u,,| as soon as Q}  # 0 for some n. By irreducibility, such an n
exists for any y, meaning that |u,| = |u,,| for all y in S. We recall that aperiodicity implies that for a given
Y, gﬂ y 7 0 for n large enough (Lemma @) We can choose n such that Q3 , # 0 for all y. Then, by a.,
all u,’s have the same argument as u, as soon as Qu,y # 0 (or Q7 , # 0 for some n). Hence u = C1, for
some C # 0, showing that 1 is the only eigenvalue of modulus 1 and that dim ( Ker(Q — Id)) =

We still have to prove that the block corresponding to 1 in the Jordan reduction of @) has size 1. Otherwise,
there would be a vector u(?) such that Q u(? = «(? +1. This implies Q"u® = u( +n 1. This is impossible
since Q™ is stochastic and has therefore entries in [0, 1]. (]

Consequences.

Q@ has a unique left-eigenvector corresponding to A = 1. Such a vector is a stationary measure (7 with
T = 7Q), so we recover existence and uniqueness of the stationary measure (irreducible finite Markov chains
are always nonnull recurrent).

Furthermore, let A1, A2, ...be the eigenvalues of () (with multiplicities) ordered in such a way that
L=[M]> Ao =2 [Ag] = -
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Assume for simplicity that @ is diagonalizable. We consider the associated left eigenvectors 7(!) = 7 (the
stationary measure), 7(2) . Fix an initial distribution o and decompose it on this basis

S|

Mo = Z Cvi’T(i).
i=1

Multiplying by Q", we get
S| '
M = HoQ™ = Zai/\?r(z) =11+ O(A]).
i=1
Since both p, and 7 have sum 1, this forces ac; = 1. We therefore get that for any initial distribution pg
and vy,

Ppuo[Xn = y] = 7(y) + O(A3).

This recovers the limit theorem in the finite case with a strong error bound: the error is exponentially small
and its rate is the second eigenvalue of @ (1 — Aq is sometimes called the spectral gap of Q).

Part D. An introduction to Brownian motion
19. BAsics

19.1. Definition. Motivation: Brownian motion (B;);cr, models the trajectory of a particle in a very rough
unpredictable environment.

(1) Since it is a trajectory, t + B; should be a continuous function from R, — R%;
(2) it should be a random function (since it is unpredictable);
(3) the rough environment makes the particle change speed/direction at all times.

To simplify, we will assume that the direction/speed taken at time ¢ is independent from the past and from
the position.

It is thus a continuous analogue from a random walk. In particular, Brownian motion is an example of
"continuous Markov chain” (continuous both in time and space).

Mathematical formalization. We let C(Ry,R%) be the space of continuous function from R, — R
equipped with the topology of uniform convergence on compact sets. We can consider the Borel o-algebra
associated to this topology, making C(R, R?) a measured space.

Definition 19.1. A d-dimensional Brownian motion is a C(R,,R%)-valued random variable t — By such
that

(P): By =0 a.s., and for each p > 0 and each ty < t1 < --- < t,, the random variables
(Bt; — By;_,)1<j<p are independent and are distributed as Gaussian vectors of covariance matrices

(tj —tj—1)Ida (for 1 <j<p).

Theorem 19.2. Fix d > 1. There exists a d-dimensional Brownian motion on some probability space
(Q, A,P). Moreover, the distribution of (B:) is unique.

The distribution of B; is called the (d-dimensional) Wiener measure. It is a measure on C(R, R?)
Proof. Skipped; see, e.g. [LG06, Section 14.1]. O

Here are some examples of

e one-dimensional Brownian motion: link. Here the horizontal axis is the time ¢ and the vertical axis
is the value of By.

e two-dimensional Brownian motion: link. Here ¢ does not appear, we see, for each t, B; plotted in
the plane (B; lives in R?).


https://www.researchgate.net/figure/Sample-paths-of-one-dimensional-Brownian-motion_fig6_225957856
https://www.researchgate.net/figure/Sample-paths-of-a-two-dimensional-Brownian-motion_fig7_225957856
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19.2. Invariance properties.

Proposition 19.3. Let B, be a (d-dimensional) Brownian motion. Then

(i) —By is also a Brownian motion. More generally, for any isometry ¢ of R? fizing 0, ¢(By) is also a
Brownian motion.
(ii) (self-similarity property): for v >0, B] = %B,th defines a Brownian motion.

(iii) (simple Markov property): for s >0, Bt(s) := Bsy¢ — By defines a Brownian motion independent from
(Bu)ugs
(iv) The coordinates of a d-dimensional Brownian motion are independent 1-dimensional Brownian motion.

Proof. We'll prove (ii), other items are similar. To simplify notation, we suppose d = 1.
It is clear that ¢ — %szt is a continuous function a.s. Let 0 <ty < --- < t,. For j € {1,...,p},

Bl =Bl | =1 (Byr, = Byey, ) ~ IN(0,9°t5 = 4%tj0) = N(0,t; — ;1)

ti_1
Moreover, when j runs over {1,...,p}, these random variables are independent. Therefore ¢ — By satisfies
the properties defining a Brownian motion. O

19.3. Blumenthal 0 — 1 law and irregularity. Notation: 7y = o(By;u < 5), Foy = (.ug Fe-
Fo+ represents events that can be determined looking at any neighbourhood of 0, e.g. ”B; is differentiable
in 0”.

Proposition 19.4 (Blumenthal 0 — 1 law). Let A € Foi. Then P[A] € {0,1}.

Proof. We fixe > 0and ¢ > e. Then B; — B. is independent from F. (simple Markov property) and therefore
from Fpy. Making e tends to 0, we get that B, is independent from Fp. Since this is true for any ¢, Fo+
is independent from F;. But A € Foy C Fy, so A is independent from itself, i.e. P[A] € {0,1}. O

Corollary 19.5. Let (B:)i>0 be a 1-dimensional Brownian motion. A.s. we have

(29) Ve > 0, ir<1f Bs; <0 and sup B; > 0.
s<e

s<e

Informally, this says that a Brownian motion crosses infinitely many times the z-axis in any neighborhood
of 0.

Proof. Call A = ﬂpzl{infsgl /p Bs < 0}. For any po, the event is the same if we restrict the intersection to
p > po. Therefore A € Fy,,,. Since this holds for any po, we have that A is in Fo1. In particular P[A] is in
{0,1}.
Since A is a countable intersection of decreasing events, we have
P[A] = lim P[{ inf Bs; <0} > limsupP[B;,, < 0] =1/2.
A= fim Pl 1ot Be <0} 2 limsup BBy, < 0] =1/

The middle inequality uses that inf,<;,, Bs < 0 certainly holds when B;,, < 0. The last equality is that a
Gaussian random variable is negative with probability 1/2 (regardless of its variance).

We conclude that P[A] = 1. This implies the inf statement in the corollary. The sup statement follows
by symmetry (recall that —B; is a Brownian motion). O

Combining this with the simple Markov property we get that for fixed ¢ > 0,
P[Ve >0:sup{Bs,s € (t,t+¢)} > Bt} =1
Taking the intersection over rational ¢, we see that, with probability 1, there is no interval on which (By) is

increasing. The same statement holds with decreasing by symmetry.
Conclusion: a.s., there is no interval on which (B;) is monotone.
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19.4. Asymptotic behaviour.
Proposition 19.6. Let (B;) be a one dimensional Brownian motion. The following holds a.s.

limsup B; = +00, liminf B; = —occ.
t—+o0 t—r+o0

Proof. We first prove that, for any A > 0,
P[suth > A] =1.
>0
Using self-similarity (Proposition , item ii), for any § > 0, we have
P[suth > A} = P{sup %Bt > 5} = P[sup352 > 5} = P[supBu > 5]
t>0 t>0 t>0 4zt u>0

We then a limit as § tends to 0
]P’[suth > A} = %im]P’[supBu > (5] = ]P’{SupBu > 0} =1,

t>0 =0 Ly>0 u>0
where the last equality follows from Corollary . We conclude that for any A > 0,
P[suth > A] =1.
>0

Taking A = n and building a countable intersection of such events, we have

P[ﬂ {suthZn}] —1,

p>1 © £20

ie., limsup, ,,, By = +o0o a.s. The liminf statement is proved with similar arguments (or follows by
symmetry). O

20. DONSKER’S THEOREM

The goal here is to prove that rescaled random walks on Z (or more generally on R%) converge to the
Brownian motion.

Let (Y;);>1 be a sequence of i.i.d. r.v. in R? with mean 0 and covariance matrix Id;. We set X,, =
Y] + - -- +Y,,. Furthermore, define W™ to be the (random) continuous function on [0, 1] such that

(1) if t = i/n for some integer 4 in {0, 1,...,n}, then W (¢) = ﬁ nt-
(2) W is linear on the interval [i/n, (i + 1)/n] for every i in {0,1,...,n — 1}.
In the following, we work in the space C([0,1],R) of continuous functions on [0, 1], endowed with the
supremum norm.

Theorem 20.1 (Donsker). With the above notation, W™ converges in distribution to the d-dimensional
Brownian motion (By)o<i<1 on [0, 1].

Note: all simulations of the Brownian motion are in fact realizations of W) for large n.

Incomplete proof. To simplify the notation we assume d = 1. We will prove that for each p > 0 and each
t; <--- <t, <1, we have the following convergence in distribution

(30) (W™ (t)1<j<p — (Bi,)1<j<p-

This is called convergence of the finite dimensional distributions of W to B,. This is not enough to
prove the convergence of W to (B,) in the space C([0,1],R). We need some additional argument (called
tightness), which is outside the scope of this lecture.

Fixp>0and ¢; <--- <t, <1, and let us prove (@) It is equivalent to prove
(31) (W () =W (1))

1<j<p — (Bt = Bi,_)i<i<ps
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where we set to = 0 (by construction, a.s., W) (0) = By = 0). To simplify again notation, we assume that
i1 :==nty,- - ,1p := nt, are integers. Then

WO (t;) = W () Z Xi-
1 zJ 1+1

In particular, for different values of j, the variables W (¢;) — W) (¢;_;) are independent since they are

renormalized sums of disjoint sets of the independent variables (X;);>o. Moreover, using the central limit

theorem,

1 1 g

— (Wm)(tj) _ W<">(tj,1)) = Z X;
A A Rt S S

converges in distribution towards a standard Gaussian random variable. Thus, W (t;) — W™ (¢;_;) tends

towards N(0,¢; — tj_1). Using the independence for different values of j, we deduce that

(W (1) = W (t0)
tends towards a vector of independent centered Gaussmn random variables of variance ¢; —t;_; respectively.

By definition of the Brownian motion (Definition |l , this is the distribution of (B, — By, )1<j<p- We
therefore have proved (@) or equivalently, (B0). O

1<j<p

21. STRONG MARKOV PROPERTY AND REFLECTION PRINCIPLE

We recall the simple Markov property (Proposition 7 item ii): for s > 0, Bt(s) := Bs1t — Bs defines a
Brownian motion independent from (B,,),<s. We want to replace s by a random stopping time.

Definition 21.1. A random variable T : Q — Ry U {400} is a stopping time if, for all t in Ry, the event
{T <t} is in Fy. Its associated o-algebra is

]-"Tz{Ae]-': Am{Tgt}eFt}.
Proposition 21.2 (Strong Markov property). Let (B;) be a Brownian motion and T be a stopping time
with P[T < +o0] = 1. Then Bt(T) := Bpy — Br is a Brownian motion independent from Fr.
Proof. Let (B.) be another Brownian motion. We need to prove that for integrable X € Fr, p > 0,
0<t <ty <---<tp, we have

T T law

(Bt(l),... ’Bt(p)) = (B, ,ng)
and the LHS is independent from X. Since the distribution of a random variable Y is determined by E[F (V)]
for bounded continuous function F' (Riesz theorem), we have to prove that

E[XF(B .- B)| =E[X]E[F(B],.---.B])]-

Up to writing X = X7 — Xy, F = F} — F5, we can assume X and F' nonnegative.
We would like to use the law of total probability summing over possible values of T', but it takes uncount-
ably many values. The idea is therefore to use a discrete approximation and to write that, a.s.,

F(BM,... BI") = lim {2 < T < EYF(Byysijn — Bijms - Biyrkjn — Bisn)-

P n— 400
E>1
Since X is in Fp, the random variable Xl{% <T < %} belongs to Fj,,. By the simple Markov
property (B, yr/n—Bi/ns- - - Bi, +k/n—Bi/n) has the same distribution as (B , - - - B;p) and is independent

from Fj,,. So, using the dominated convergence theorem and exchanging infinite sum and expectation of
nonnegative terms,

E[X P(BD, - BI)| = 1m ZE[Xl{’“ <7<} |E[FB,,- B

n—-+00

But the second expectation can be factorized out of the sum and, clearly we have

SE[x1{El <T < )] =E[x].

k>1



PROBABILITY II 55

This concludes the proof. (Il

Comment. In the strong Markov property for Markov chains, we needed to assume X7 = z a.s.; For
Brownian motion, we do not need this because of the homogeneity in space; the distribution of Byr,; — By
is independent of Br.

As a first application to the strong Markov property, we can compute the distribution of the supremum of
a one-dimensional Brownian motion until time ¢. This uses a trick called reflection principle: we can reflect
the Brownian motion after a stopping time, without changing its distribution. We note that the reflection
principle can also be used in the discrete world to count families of lattice paths not crossing a given line,
such as Dyck paths; see, e.g., this wikipedia page.

Proposition 21.3. Let (Bs)s>1 be a 1-dimensional Brownian motion. We set, fort > 0, Sy = SUPs<y Bs.
Then for a > 0 and b < a, we have

P[S; > a,B; <b| =P[B; > 2a — b].
Consequently Sy has the same distribution as |Z|, where Z ~ N(0,t).
Proof. Consider the stopping time T, = inf{t > 0,B; = a}. We know (using Proposition and the
continuity of ¢ — By) that T, < 400 a.s. We also observe that S; > a if and only if T, < ¢t. Therefore,
P[S; > a,B, <b] =P[T, <t,B, <b] =P[T, <t|P[B%. <b—a|T, <t],
where, using the same notation as above, BgT“) = Bsy1, —Br, = Bst1, —a. But the strong Markov property

(Proposition ) asserts that B{"® is distributed as a Brownian motion B! and is independent from Fr,,
hence in particular from T,. We get

P[S; > a,B; <b] =P[T, <t]P[B,_;, <b—al.
Here comes the reflection trick: we now use the symmetry Law(B.) = Law(—B), which implies
]P)[BQ—TQ S b— a] = ]P[BQ—TG Z a — b]

Making the same reasoning as above in the other direction we have

P[S; > a,B, <b] =P[T, <t]P[B,_s, >a—b] =P[T, <t]P[BT%) >a—b|T, <{]
=P[T, <t,B, >2a—b| =P[B; >2a—b],
where in the last equality we used that B; > 2a — b implies T, < t (recall that a > b and hence 2a — b > a).
This proves the first part of the proposition.
For the second part, we write (noting that B; = a is a zero probability event)
IP’[St > a} = ]P’[St >a,B; > a] —HP’[S,: >a,B; < a].

In the first term, S; > a is superfluous (B; > a implies S; > a), so that the first term simplifies to P[Bt > a].
For the second term, we apply the formula above and get again P[Bt > a]. Finally,

P[S; > a] = QP[Bt > a] = P[|Bt| > a]. |

22. HARMONIC FUNCTIONS, RECURRENCE AND TRANSIENT

Question: does the Brownian motion come back near 0 with probability 17

e In dimension 1, yes (as a consequence of Proposition );
e we will see that it does in dimension 2 (we say that Brownian motion is recurrent), but not in
dimension 3 and higher (we will see that Brownian motion is transient).

Comment. This result is a continuous analogue of Pélya’s recurrence theorem (Theorem ) Interest-
ingly, his proof involves partial difference equations.

Throughout this section, we admit some proofs, in particular of statements of analytic natures. Complete
proofs can be found e.g. in [LGO0G], where the presentation is closed to the one used here.


https://en.wikipedia.org/wiki/Catalan_number#Second_proof
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22.1. Dirichlet problem: using Brownian motion to solve a partial differential equation. Some
notation: we write D(x,r) (resp. D(z,r) and D(x,r)) for the open ball (resp. closed ball and circle) of
center x and radius 7.

A domain Q is an open connected subset of R¢

Definition 22.1. Let 2 be a domain in R?. A function h : Q — R is called harmonic if, for all x in D and
r >0 such that D(x,r) C Q, we have

hz) = /5 (),

where o, is the unique probability measureE on OD(x,r) invariant by isometries of R? fizing x.

In dimension 2, identifying R? and C, the RHS above rewrites as

27
/ h(y)oz,r(dy) = i/ h(z + rexp(i0))do.
D(z,r) 2T 0
Proposition 22.2. h is harmonic on Q if and only if h is of class C*> and
g2

—h =0.
Pt Oz?

Proof. Admitted. O

Note: the differential operator Zle 88—; is usually denoted A and called Laplacian operator on €.

A standard problem in partial differential equations, called Dirichlet problem is the following: given a
bounded domain 2 and a continuous function g : 9Q — R, find a function h : 2 — R such that
e /1 is harmonic on €;
e h is continuous on );

e h =g on 0.
Lemma 22.3. Fiz Q) and g as above. If there is a solution to Dirichlet’s problem, then it is unique.

Brownian motion will help us construct a solution, in some cases. For z in R%, we denote Et =z + B;
be a "Brownian motion starting at z”. The starting point  does not appear in the notation B;, but we will
use P, and E, to indicate it (as for Markov chains).

Theorem 22.4. Fiz Q and g as above. For x in ), we consider, under P, the stopping time T = inf{t >
0: By & Q} and we define

h(z) = E, [9(Br)].

Then h is harmonic on €

Before proving the theorem, let us justify that h is well-defined: for Br to make sense, we need T' <
oo, and for g(BT) to make sense, we need BT to be in 9. But, Q is a bounded domain, while Bt is
unbounded with probability 1 (its projection are 1-dimension Brownlan motion, which are a.s. unbounded
by Proposmon ) Hence Et eventually leaves ) with probability 1, i.e. T' < oo a.s. Furthermore, when
T < oo, By is in Q: indeed, it is the limit of (Bt,t — T,t < T), which takes value in by minimality of
T. On the other hand there is a sequence t,, tending to T such that B; is not in Q (possibly ¢, = T'). Since
the complement of 2 is closed, this implies that By = lim B, is not in 2. We conclude that ET is in 09,

so that g(ET) is well-defined as soon as T' < oo, which happens a.s. Finally since g is a continuous function
on the bounded closed set 95, g is necessarily bounded (we are in R?, bounded closed sets are compact).

Therefore g(éT) is bounded, and hence integrable; its expectation h(z) is well-defined.

8We admit existence and uniqueness of this measure
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Proof. Take z in  and r > 0 such that D(x,r) C €. We need to prove that
(32) W)= [ hg)o.(d)
D(x,r)

As above, denote by B; a Brownian motion starting at . We define S = inf{t >0: B, ¢ D(x, r)}. This is
a stopping time and we have S < T < 0o a.s.

We claim that Bg belong to BD(JU r) a.s. and has distribution o, . The proof that is belongs to OD(x,71)
is similar to the proof that Br belongs to 9Q. If ¢ is a isometry of R¢ ﬁxmg x, cp(Bt) has the same

distribution as Et We conclude that cp(BS) has the same distribution as BS (since applying ¢ does not
change the stopping time S). But o, , is the unique probability distribution on dD(z,r) which is invariant

by all isometries fixing . We conclude that the distribution of és is 04, as claimed.

We know compute h(z) = E, [g(éT)} by conditioning w.r.t. By, namely we write
h(x) = E[E. [9(Br)|Bs]].

By the strong Markov property, conditionally on BS the process (Bs4+: — Bs)i>0 is a Brownian motion, and
hence Bt BS+t is a Brownian motion starting at BS This Brownian motion leaves Q at time 7' = T — S,
taking value B = BT at that time. Hence

E. [9(Br)|Bs] = Es.[9(B)] = h(Bs).
We conclude that h(z) = E[h(Bs)], proving (@) since By has distribution O - O

We can extend the above function h by setting h(y) = ¢g(y) for y in 99Q. If the resulting h is continuous
on ©, then it is a solution of Dirichlet’s problem. The continuity holds under reasonable asumptions on €2
(but not in general), e.g. when 2 contains an open cone in the neighbourhood of each of its boundary point
(we admit this result here).

22.2. Using harmonic function to analyse the recurrence of Brownian motion.

Proposition 22.5. Let z in R\ {0} and (B;)i>0 a BM in R, Set By = &+ By as above and fix ¢, R such
that 0 < ¢ < ||z|| < R. Then

= log(R)—log|lz| ¢ 7 _ o.
(33) p. | Br visits 0D(0,¢) ] _ {logg(R)—logg(a) ifd=2;

before dD(0, R) H:L\:d—}lj:d if d+2.

Proof. We set Q = {y € R : ¢ < ||y|| < R} and T be the first exit time from Q of the Brownian motion B;
starting at x. The probability in the LHS above can be rewritten as E, [g(ET)], where g(y) = 1{||ly|]| = ¢}
(ie. g=10n dD(0,) and 0 on dD(0, R)). Using the result of the previous section h(z) = E, [¢(Br)] is a
solution of the Dirichlet problem associated to Q and g (the domain  satisfies the cone condition, so that
h is indeed a solution of the Dirichlet problem). But one can check that the RHS of (@) is also a solution
to that Dirichlet problem (by computing its Laplacian). We conclude by uniqueness. O

Corollary 22.6. o In dimension 2, for any fired ¢ > 0 and fixed starting point x, the Brownian motion
By wvisits dD(0, ) with probability 1.
o In dimension 3 of higher, for any fized € > 0 and fized starting point x, the Brownian motion Et
visits 0D(0,e) with probability smaller than 1.
o Assume x # 0. In dimension 2 or higher, the probability that Et visits 0 is 0.

Proof. Since trajectories are continuous, By visits dD(0,¢) if and only if there exists R > ||z such that it
visits dD(0, e) before dD(0, R). Therefore

B, visits 8D(0,¢)
before 9D(0, R)

Using the formula given in (@), it is immediate that the limit in the RHS is 1 for d € {1,2} and 0 for d > 3.

P, [Et visits 8D(0,5)] = Rlim P,
— o0
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It remains to prove that Et visits 0 with probability 0 in dimension 2 and higher. We start again form
(@) and make ¢ tend to 0 (R being fixed). We have

B, visits 8D(0,¢)

B, visits 0 _
] before 0D(0, R) | 0- =

Ps before 9D(0,R) | — lig Py [

e—0

Note: using Markov property and similar argument as for Markov chains, we can prove that the Brownian
motion visits a fixed neighbourhood 9D(0,¢) of 0 infinitely often in 2D, but only finitely many often in
dimension 3 and higher (counting two visits as different if the Brownian motion leaves the disk dD(0, 2¢)
in-between).

Part E. Appendices
APPENDIX A. UNIFORM INTEGRABILITY

Definition A.1. Let (X;)ier be a family of r.v. in L'. (X;)ier is uniformly integrable (u.i. for short) if

lim (SupIE[|Xi1{|XZ- > c}]) =0.
c— 00 iel

Comment: Let X be in L'. As c tends to co, | X|1{|X| > ¢} tends a.s. to 0. Moreover, it is a.s. bounded
by the integrable r.v. | X| (uniformly on ¢). From the dominated convergence theorem, we have

Tim E[|X[1{X] > ¢}] = 0.

In summary, a family (X) restricted to a single r.v. is always u.i. Consequently, finite families (|| < oo) are
always u.i. as well.

The interest of uniform integrability lies in its relation with L' convergence.

Proposition A.2. Let (X;)icsr be a family of r.v. in L.
(i) If (X;)ier s u.i., then sup;c; E[|X;]] < oo;
(i) If (Xn)n>0 is a sequence of r.v. that converges in L', then (X,,)n>0 s u.i.
(1it) If (Xn)n>0 i a sequence of r.v. that converges in probability to Z and if (Xn)n>0 @5 w.i., then X,
converges to Z in L*.

Proof. (i) Since (X;);es is w.i., there exists C' > 0 such that
S_UII)]EUXz‘H{\XH >0} <1
e

Then, for any ¢ in I,
E[IX;]] <E[|Xi[1{|X;] > O} + E[|X;[1{|Xi| < C}] <1+ C,
showing that (E[|X;|]):cs is bounded, as wanted.

(ii) Fix ¢ > 0. Call Z the limit of X,, in L'. There exists N > 0s.t. n > N = [|X,, — Z|; < . For
n > N and an arbitrary value A > 0, we write

E[1 X, 1{1X] > O] < B[1X, - 21 1{1X] > C)] + E[|Z] 1%, > C}]
<E[IX, - Z|] + E[|Z| 1{|X.| > C}1{|Z| > A}] + E[|Z| 1{|X..| > C} 1{|Z| < A}]
< § +0(A) + AP[| X | 2 O],
where n(A) := E[|Z[1{|Z] > A}] tends to 0 when A tends to infinity (indeed, the single r.v. family

(Z) is u.i.). We choose Ag such that n(4g) < § and C1 such that P[|X,,| > C1] < 5. Then forn > N
and C' > (1, the above inequality specialized to A = Ay implies

E[|Xn| 1{| X, > C}] <.

Furthermore, since the finite family (X,,),<n is u.i., there exists Cy s.t., for C > Cy and n < N, we
have

E[| X, 1{|X,| > C}] <e.
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Summing up, for C > Cy := max(C,Cs), we have
SupE“Xn| 1{|Xn| > C}] <e.
n>0

Since this holds for any € > 0 (with a threshold value Cy depending on ¢), we have

lim (supE“Xn 1{|X,| > C’}]) =0,
n>0

C—o0

ie. (X,)n>0 is u.d
(iii) Fix € > 0. We write, for an arbitrary A > 0,

(34) E[|Xn - Z@ < E“Xn 211X, — Z| < g}}
B[ 1{1X0 — 2] 2 $11{1X0] 2 A}] + E[|Xa| 11X, - 2] 2 £11{1X0] < 4}
+E[1Z11{IX, - 21 2 §}1{12] > A}] +E[1Z]1{X, - 2] = £}1{17] < 4}.

The terms of the right-hand-side are bounded as follows. The first term is smaller than £. The second
and fourth terms are at most E[|X,|1{|X,| > A}] and E[|Z|1{|Z| > A}], respectively. Since the
families (X, )n>0 and (Z) are u.i., we can choose A = Ag such that each of these terms is at most .
When A = Ay, the third and fifth terms are each smaller than Ag ]P’[|Xn —-Z| > %] Since X, tends in

probability to Z, one can choose N s.t. n > N implies
Pl|IX, —Z| > £] < =%,

i.e. such that the third and fifth terms are £. Summing up, when n > N and when A is specialized to
Ap, each term on the right-hand side of (@6) is at most £. We conclude that n > N implies

EUXn — Z|] <e.
Since this holds for any € > 0 (with a threshold value N depending on ¢), we have X, L—1> Z, as

wanted. O

Proposition A.3. A family (X;):cr is u.i. if and only if there exists a function ¢ : Ry — Ry, such that
lim ¢lz) =400 and supE[p(|X;|)] < +oc.
T—>00 T iel

Moreover, if such a function exists, it can be chosen convex and nondecreasing.

Proof. First assume the existence of ¢ as in the statement and write M = sup;c; E[¢(|X;])]. Fix & > 0.

Since limg WECT) = 0, there exists C. s.t. x > C; implies z < %gp(m) We have, for any i in I and C > C.,

E[|X. 1{IX:| < C}] < 5 E[lp(X)| 1{|X.] < C}] <.
This upper bound is uniform in 7. Since it holds for any € > 0, this proves that (X;);er is u.i.
Conversely, we assume that (X;);er is u.i. For each m > 0, we can find C,,, such that
E[| X 1{|X;| > Cr}] <27,

for all i € I. Define now p(z) =3, 5(z — Cp)+. It is clearly convex and nondecreasing.
On the one hand,

m>0
tends by the monotone convergence theorem to Zm>0 1= +o0.
On the other hand, using again monotone convergence, for all ¢ in I, we have

Elo(|X:)] = Y E[(IXi| - Cm)4] < Y E[IX1{|Xi| > Cr}] < Y27 =2

In particular, sup E [(|X;])] is finite as wanted. O
iel
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Proposition @ is a convenient way to prove uniform integrability, you only have to exhibit such a func-
tion ¢. In particular taking ¢(x) = zP for p > 1, we have the following important criterion:

sup || Xi||p < oo for some p >1 = (X;)er is ud.

el
Additionally, Proposition @ is useful for theoretical purposes, for example in the following corollary.

Corollary A.4. LetY be a r.v. in L*. Then the family (E[Y|G]), where G runs over all o-subalgebra G of
F, is u.i.

Proof. The single-r.v. family (Y) is u.i., so that, by Proposition @, there exists a convex nondecreasing
function ¢ : RT™ — R such that

lim M

T—o0 I

= 400 and ]E[cp(|Y|)] < +o0.

For any o-subalgebra G of F, we write Yy = E[Y|G]. Using Jensen’s inequality for the convex function
x — o(|z|), we have

(IYgl) <E[p(|Y])|G] as.
Taking expectation we have

E{¢(|Yg|)} < E{E[¢(|Y|)|QH =E[e(IY])],

where we use the standard rule for the expectation of the conditional expectation. The right-hand side is
finite by construction of ¢, and the bound is uniform on all o-subalgebra G of F. By Proposition , this
implies that the family (Yg)gcr is u.i., which is what we wanted to prove. O

APPENDIX B. LP CONVERGENCE OF RANDOM VARIABLES

Question. A standard question arising often in probability theory is the following: we know that X,, — X
a.s. (or in probability), can we conclude that E[X,,] tends to E[X]? or more generally that E[f(X,,)] tends
to E[f(X)] for some function f?

Answer.

e Yes, if f is a bounded function (since convergence a.s./in probability implies convergence in distri-
bution).

e No, in general. A sufficient condition for lim,, ., E[X,,] — E[X] is that X,, tends to X in L' (indeed,
|[E[X,] —E[X]| <E[|X,—X]|] = || Xy — X|]1)- Since we assumed X,, to converges a.s./in probability,
this happens if and only if X, is u.i.

e Take more generally f(x) = 2P for p > 1, i.e. we are asking whether E[X?] tends to E[X?] (assume
either p integer or X,,, X nonnegative to define the relevant quantities).

A sufficient condition is that X,, tends to X in LP. Indeed, this implies | X,|, — || X]|p, and,
thus, taking the p-th power, E[X?] — E[XP].

This raises the following problem: find conditions (necessary and/or sufficient) for L? convergence?

Proposition B.1. Let (X,,)n>0 be a sequence of r.v. and fir ¢ >p > 1.

(i) If X, converges to Xoo in LP, then sup,,sq || X, < +oo.
(i) If sup,>q | Xnllq < +o0 and if X, tends to some X in probability, then X, tends to Xo in LP.

In particular L? convergence implies LP convergence (this can also be proved directly with Holder’s
inequality).

Proof. (i) We have | X,||, < | Xn — Xoollp + || Xoollp- The first term tends to 0, while the second does not
depend on n. The sum is therefore bounded.

(ii) We want to prove that E[|X,, — X|P] tends to 0. Since |X,, — Xs|P tends to 0 in probability, it is

enough to prove that the sequence (|X,, — Xoo|P)n>0 is u.i. We consider the convex increasing function

@(x) = x9/?, for x > 0. We have lim,_, 4o “"S”) = +00. Moreover,

Efle(1Xn — XoolP)] = E[| X0 — Xoo|?] = [ X0 — Xooll{ < ([ Xanllg + 1 Xoo]lg)-
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But || X,]||4 is assumed to be bounded. Using Fatou’s lemma on a subsequence X, converging a.s. to
Xoo, We have

| Xoollg <liminf | X, |lq < sup || X,|q < +o0.
k—o0 n>0

We conclude that E[|¢(| X, — X |P)] is bounded. From Proposition @, this proves that the sequence
(|Xn - Xoolp)nzo is u.i. |:|
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