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1 The WZ method

The WZ method is a short way to prove known identities (e.g. identities
in the hypergeometric database of Chapter 3 of the book A=B) using only
a rational function R(n,k). On the way of the proof (if successful) we find
new identities for free.

1.1 The Algorithm (Elena)
The WZ method works as follows:

1. Suppose we want to show >, t(n, k) = RHS(n), where RHS(n) is some
function of n, independent of k.



2. If RHS(n) # 0, look instead at f(n) := >, F((n,k) = 1, where F'(n, k) =

le({%?i) If RHS(n) = 0, leave F(n, k) = t(n, k). If RHS(n) # 0 for some
t(n,k)

n and RHS(n) = 0 for some other n, then we still use F'(n, k) = RIS
This means that in this case we have a partially undefined function
and we need to pay attention on what we can choose as the support
of F(n,k), i.e. we need to adapt the boundaries for k£ of the sum in
such a way that we can go around the problematic values of n. If this
is not possible, we may need to give restrictions on n in order that the
identity holds.

Like that we can ensure that ), F(n,k) is constant, which will be
needed to make sure that Step 4 does work (in case the identity is

correct).

3. Find R(n, k), the certificate for the WZ method (see below, steps 3.1
and 3.2) and define G(n, k) := R(n, k)F(n, k).

4. Check that D := F(n+1,k)— F(n,k) = G(n,k+1) — G(n, k). This is
mostly easily verifiable. Such a pair (F,G) is called a WZ pair satis-
fying the WZ equation. Summing this equation over all £ and noting
that the RHS telescopes to 0, we get >}, F(n+1,k) = >, F(n, k), i.e.
> F(n, k) doesn’t depend on n and is therefore constant.

5. Verify that this constant is indeed 1 by entering an explicit value for
n, e.g. check that >, F(0,k) = 1.

For the crucial Step 3 of the WZ method we use Gosper’s algorithm in the
following way:

3.1 Let D(k) := F(n+1,k) — F(n,k) and input D(k) into Gosper’s algo-
rithm. If Gosper fails, then the WZ method fails as well.

3.2 Otherwise Gosper gives us a function g(k) such that D(k) = g(k +
1) — g(k). Of course this g will also contain a parameter n, so rename
it to G(n, k). This G(n, k) is the WZ mate for F(n,k). Furthermore
Gnk) R(n, k) is a rational function. (By Chapter 5.2 of the book

F(n,k) -
A=B: From Gosper we find a hypergeometric term z, s.t. z,4+1 — 2z, =
tn. Then 72 = m is a rational function of n.)

So now, the only problem is that Gosper’s algorithm may fail. But in fact
the WZ method does work quite often.



As seen in Chapter 6 of the book A=B: for every proper hypergeometric term
F(n,k) we always have a telescoping certification of »;, F'(n, k) = const. as

J
Yla;(n)F(n+j,k) = G(n,k + 1) — G(n, k)
j=0

Now, by observation we find that if we divide by the RHS (if RHS # 0),
then in 99% of the cases this LHS just reduces to F'(n + 1,k) — F(n, k). So
we just need to give the WZ phenomenon a chance to happen by dividing
through the RHS.

1.2 The WZ method is valid (Elena)

The following theorem underlies these procedures:

Theorem 1.1. Let (F,G) be a WZ pair, i.e. s.t. F(n+ 1,k) — F(n, k) =
G(n,k+1) —G(n, k). Assume:

(G1) Vne N :limg_, 4+ G(n, k) =0

Then Y, F(n,k) = const. Yn € N, i.e. the certification procedure is valid,
meaning that Step 4 of the WZ method actually works.

Proof. Let Aph(n) := h(n + 1) — h(n).
Starting from the WZ equation and summing over —L < k < K we get:

K

K
Y (F(n+1,k)=F(n,k)) = > (G(n,k+1) - G(n,k))

k=—L k=—L

But the summand on the LHS is just A, (F(n,k)) and the RHS telescopes
to G(n, K + 1) — G(n,—L). Therefore we get:

K
JANY < 2 F(n,k)> =G(n,K+1)—G(n,—L)

k=—L

Now, taking the limits as K, L — 400 we get on the LHS A, (Y, F'(n, k)) =
Y F(n+1,k)—=>, F(n,k) and on the RHS, by (G1), we get 0. So overall:

Y F(n+1,k) =) F(n,k)
k k
This means, that >, F'(n, k) is independent of n, i.e. it is constant. O
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1.3 A Mathematica session (Elena)

Now we can have a look at how the WZ method can be implemented in
Mathematica. After loading Gosper’s algorithm by typing « gosper.m, we
can use the following module:

(«WZ::usage=
"WZ[f,n,k] yields the WZ certificate of f[n,k]. Here the input f is an
expression, not a function. If verbose=TRUE, R(n,k) and G(n,k) are printed.
If check=TRUE, 3 checks are done and printed. For that the bounds of the
supports of F (sF, eF) and G (sG, eG) are needed.
R(n,k) and G(n,k) are returned as expressions."s)
WZnew[f_ , n_, k_, verbose , check_ , sG_, eG_, sF_, eF ] :=
Module[ {df, r, g, WZcheck, TelCheck, ConstCheck},
df = (F /. {n=n+1}) =F; («D(k)=F(n+l,k)=F(n, k)=)
(«Input D(k) into Gosper's algorithm --> Output: g(k) s.t. g(k+1l)-g(k)=D(Kk)=)
g = FactorialSimplify[GosperSum([df, k1];
r = FactorialSimplify[g/ f1; (*R(n,k)=G(n,k)/F(n,k)=)
If [verbose == TRUE,
Print["The rational function R{(n,k) is ", rl;
Print["The WZ mate G(n,k) is ", g1}
13
If [check == TRUE,
(#Need F(n+1,k)-F(n,k)=G(n,k+1)-G(n,k) for valid WZ pairs)
WZcheck = FactorialSimplify[(Ff /. {n=+n+1})-F-(g /. {k+k+1}) +gl;
Print["Check that (F,G) is a valid WZ pair (should give ©): ", WZcheck];
(«Meed RHS of WZ equation to telescope to 8. Then Sum(F(n,k)} is independent
of n, i.e. constants)
TelCheck = Sum[(g /. {k=+k+1}) -g, {k, sG, eG}];
Print["Check that RHS telescopes to @ (should give 8): ", TelCheck];
(#Check that this constant is 1 by entering some value for n, e.g. n=1%)
ConstCheck = Sum[(f /. {n=+1}), {k, sF, eF}];
Print["Check that Sum(F(n,k))=1 (should give 1):", ConstCheck]};
13
{rs g} (*Return R(n,k) and G(n,k)=)
13

Example 1.1. As a first example we consider Gauss’s o F7 identity. In the
hypergeometric database (see Chapter 3.5 of the book A=B) we saw that
for be Z_ u {0} or Re(c —a —b) > 0 we have:

ab |1 T(c—a—-bIl(c)
2F1[ c ’1] - T'(c—a)(c—b)

We will prove this identity using the WZ method. First, by definition we



can rewrite the LHS as:

ab O (@@ 1* & (a+k— Db+ E—1)l(c—1)!
QFl{ ’ }_,;) (i)kkﬁ_z (a—1)1(b—Dl(c+k—1)lk!

Then, dividing this new LHS by the RHS and setting a = n to get an identity
of the form ), F(n,k) =1 we get:

L n+k=1D)b+k—1)(c—1)T(c—n)T(c—b)
g (n—1!b—-Dlc+k—1DkIT(c—n—-0b)T(c)

:f (n+ k)b + k)!(c — 1)'T(c — n)T'(c — b)

(= DI(b— )l(c + Bk + D)IT(c —n — D) (c)

k=—1
This summand we can now enter in Mathematica:
= ((n+k) ! (b+k) ! (c-1) !Gamma [c-n] Gamma[c-b]) /
((n-1)'(b-1) ' (c+k) ! (k+1) 'Gamma [c-n-b] Gamma [c] ) ;
WZnew[f, n, k, TRUE, FALSE, , , ,];
And we get out:
The rational function R(n,k) is —%

; (-1-b+c) ! (b+k) ! (-2+c-n) ! (k+n)!
The WZ mate G(n’k) 18 T (-1+b) !Ck!(—1+c+k)!(—cl-rtﬁc-n)n!n!

We want to check that things worked correctly. We need to give the bounds
of the support of G(n, k) and F(n, k) to our module WZ. The support of G
is 0 < k < +o0. However we also need to consider G(n,k + 1) and so we
need to also allow k = —1. The support of F(n,k) is —1 < k < +o0. We
therefore enter the following:

WZnew[f, n, k, FALSE, TRUE, -1, Infinity, -1, Infinity];

First we get out the check that (F,G) is indeed a valid WZ pair:

Check that (F,G) is a valid WZ pair (should give 0): 0

Then we get the check that the RHS does telescope to 0:

Check that RHS telescopes to O (should give 0): O

This shows that ), F(n,k) is independent of n, i.e. constant. Then we
check that the constant is indeed 1 by entering the value n = 1 and we get
out:

Check that Sum(F(n,k))=1 (should give 1):1



2 Spinoffs from the WZ method

In the course of certifying identities the WZ method gives (at least) three
types of new identities for free.

2.1 The companion identity (Elena)
Theorem 2.1. Let (F,G) be a WZ pair, i.e. s.t. F(n+ 1,k) — F(n,k) =
Gn,k+1)—G(n, k). We use the following assumptions:

(F1) Yk in the support of F(n,k) : fi := lim,_,4+ o F(n, k) exists and

is finite

(G2) limy o0 305 G(n, —L) = 0
Then: Y *% G(n, k) = Z;?;ioo(fj — F(0,4)), which we call the companion
identity.

Remark. 1. Roughly, the existence of the companion identity for G comes
from the symmetry of F' and G in the WZ equation.

2. We also have the more general companion identity, where we can choose

[ >=0:
k—1

YGn k)= > (f; — F(L.j))
n=I[

j=—00
This can be obtained by adapting slightly the proof below.

Proof. (of Theorem Let Aph(n) := h(n+ 1) — h(n).
Starting from the WZ equation and summing over 0 < n < N we get:

N N
Y (F(n+1,k) = F(n,k)) = > (G(n,k +1) = G(n, k))
n=0 n=0

But the LHS telscopes to F(N + 1,k) — F'(0,k) and the summand on the
RHS is just Ag(G(n,k)). Therefore we get:

N
F(N +1,k) — F(0,k) = Ag (Z G(n, k:))
n=0

Now, taking the limits as N — 40 we get on the LHS, by (F1) fir — F(0, k)
and on the RHS A (3% G(n, k)). If we then sum over —L < j < k—1 we

get overall:
k—1

k—1 +o0
S - FO.5) = Y A (Z G(n,j>>
n=0

j=—L j=—L
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But switching the summation signs on the RHS we get :ioo ;:i L (G(n,j+

1) — G(n,j)) = 2% (G(n, k) — G(n,—L)). Then taking the limits as L —

n=0

+00 we get on the LHS Z?;ioo(fj — F(0,7)) and on the RHS, by (G2), we
get >0 G(n, k). So overall:

k—1 +00
D (£ =F(0,5) = ). G(n,k)
j=—0o0 n=0

We give two examples:

Example 2.1. Consider the identity (2)2 = (2:) By dividing through
the RHS we get F(n,k) = (2)2/(2”)

n

First, we enter F'(n, k) in Mathematica to find R(n, k) and G(n, k):

—3n+2k—1 C (=3n+ 2% - 1)(})°
o) P T 1))

R(n,k) =

Here we see that the support of G(n, k) is 0 < k < n because of the Binomial
coefficient in the numerator.

Now to get the companion identity we first check (F'1) using Stirling’s for-
mula n! ~ v/2mn ne™"™:

n!*

fii= B B R = o e — k)P (an)

(2n)*nine—4n

lim
n=+0 (k) k2ke—2k (27 (n — k))(n — l{:)2(”_k)ezk*Q”\/m@n)Q”e*?”

= lim p2tAn1/2-2np 12k gy 1o2n42kg-2n-1/2, -1/
n—>-+00
2n
_ —2k—1 -1/2 s 3/2 _ 2%—1 L
k (2m) nl_l)I}rloon (n—k) (2(n - k))

n—+w n—+00 n—+00 n—=k

L n\ 2
= k271272 lim n¥2(n— k)% lim 22”< lim <1+ ) >

ey E21(27)"1/2 fim (ns/z(n _ k)Qk—12—2n) 2k 2y

n—+ao0



where in (1) we have used that lim, (1 + 2)" = € and in (2) we have
applied repeatedly Hospital’s rule to get that
n32(n — k)21 302k —1)! 1

nl_l,rfoo 92n = Tlog(2)%* oo /2920 0

For (G2) note:

ps 2 3 _on—1(")

lim G(n,—L) = lim
Y ( ) Z 2(2n +1) (27?)

L—+00 “= L—+00 o

which gives zero since (}) = 0 for k < 0.
Also note that
1, if k=0

0, else

F(0,k) = {

Therefore we get as companion identity (for [ = 0):

+o0 n\2 +00 n\2
3 —3n+2k—1(}) _ =Y 3n—2k+1(})

22n+1) (> 4 mtl () =2

n=0

We can in fact check this new identity by entering it in our WZ module (note
that we switch the roles of n and k). First we need R(n, k) and G(n, k).

f := ((3k-2n+1) Binomiallk, n]~ 2)/(2(2k+1) Binomial[2k, k]);
WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get:

The rational function R(m,k) is - (fiél‘fgi)(l(‘lﬂi;%

. (k-n)~ 2 Binomiallk,n]]"~ 2
The WZ mate G(n,k) is - (1+n)~ 2 Binomial [2Kk,k]

Then to check it, we use the support n < k < 4+ for G(n, k). F(n,k) has
support n < k < +0o0 but since we use n = 1 to check that ), F(n, k) =1
we use 1 < k < 4+00. Therefore we enter:

WZnew[f, n, k, FALSE, TRUE, n, Infinity, 1, Infinity];

And after some computation time we are rewarded with:

Check that (F,G) is a valid WZ pair (should give 0): O

Check that RHS telescopes to O (should give 0): O

Check that Sum(F(n,k))=1 (should give 1):1

Even though this identitity may not be very beautiful, it is a new one. This
shows that having a fixed hypergeometric database (see Chapter 3 of the
book A=B) where one could look up such identitites, can never be complete.



There will always be an entry in this database whose companion identity was
not in the database.

Example 2.2. Consider the following identity:

*ZOO (n_l)'((n—i)!(n—j)!(i—1)!(j—1)! _
k=1 ’

k—1D)l(n—i—j+k)(i—k)IG—k)

Note that in order to have well-defined factorials, we already get the following
constraints:

n = max{i,j,1}, 1 <k <min{i,j}, n+k =i+ (1)

Again, we first enter this in Mathematica to find R(n, k) and G(n, k):

foi= ((-D!M@-PrE-D1G-nn /(-1 k- (0-1i-j+k) ' E-k) ' (G-k) 1) ;
WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get out:

The rational function R(n,k) is

. (-1+i) ! (-1+3) ! (-i+n) ! (-j+n)!
The WZ mate G(n,k) 1S (riy7(5o01 (om0 Il (Ci-jrkm)

-1+k

Note, that here we would need k = 2 but we can also define G(n, k) as 0 for
k =1 since G(n,k) = R(n,k)F(n,k) and R(n,k) is 0 for k = 1. Therefore
we use 1 < k < +00 as support for G(n, k) and also 1 < k < 40 as support
for F'(n, k). Therefore to check the identity we enter:

WZnew[f, n, k, FALSE, TRUE, 1, Infinity, 1, Infinity];

And we are indeed rewarded with:

Check that (F,G) is a valid WZ pair (should give 0): O

Check that RHS telescopes to O (should give 0): O

Check that Sum(F(n,k))=1 (should give 1):1

Now to find the companion identity again we first calculate the limits fj
using Stirling’s formula:

fr:= lim F(n,k)

n—+aoo

= lim V2 (=) (n—i)" el =" /2 (n—g) (n—i) " T I TP (i—1)1(i—1)!

n 400 V2rn—1)(n—1)"lel=n(k—1)1\/2r(n—i—j+ k) (n—i—j+k) " i— I tReiti—n—K (i_k)1(j—k)!

= T (i) ) I ) i k) O ek e G

— 1 k(1 s/ \n—i+1/2/1 ) \n—j+1/2/1 1/2—nq_itj—k\iTi—n—k=1/2 3 4  (i—1)I(j—1)!
n1—1>I—1i’-lOOn (1—=i/n) (1—j/n) (1-1/n) a n ) € F—DIG—k)I(G—F)!

= lim
n— -+

exk—1  (i—1)!(j—1)!
<*> (k=1 — k)5 — k)!

n

9



)Ltk =1
o, ifk>2
Note that we don’t need to consider f; for k < 0, since this is not in the

support of F(n, k).

For (G2) note:

lim Jrzo:OG(n —L) = lim (i= Dij — 1) Z (n = i){n = )t
Lot & 70 Lot (=L —=2)!(i + L)!I(j + L)! = n‘n—z—j—L)!

which gives zero because of the two factors (i+L)!(j+L)! in the denominator.

Also note that

NG — 1) N
F(j k) = G —
(k= D!k =)@ — k)7 — k) j—k)\i—k
Now, from the last constraint in we have for n = j, that k > 7. On the
other hand from the second binomial coefficient we need k < i, so that in

total k = 1.
Therefore we get as companion identity (for [ = j):

400 k—1

DGk = > (fw—F(G,K)) —

n=j k/=—o0

(k —(22)_(1 . 1 k)! Z n'nn_—zl —nj_+jl)€) - kzlw (.7]—_ iz/) (ZZ—_ ’:’)

K =—

But in the sum on the RHS in order to get non-zero terms we need 0 <
j—K <j—diand0<i—k <i—1ie j=kK >diandi >k > 1, ie.
k' = i gives the only non-zero term. Therefore, since the sum only goes up
tok—1=1—1, we get 0 for the sum in the RHS. So overall:

L n=)n—j k— 210 — k)G — k)!
Z()( b (k=2)!G— k)G — k)

Znln—i—j+k)! (=D — !

If we now write n —¢ — j + k = r in the sum on the LHS, we get

rlr+i+5—k)! (-1 —1!

J”Z r+j =k r+i—k)!  (k=2)!(i —k)!(j —k)!

10



Now,seti=c—a, j=c—band k=c—a—b+1 to get:

G (r+ra—-Dr+b-1)! (c—a—b—1)(b—1)(a—1)
TZ;) ri(r+c—1)! B (c—a—1)(c—b—1)!

which is exactly Gauss’s oF; identity as we have seen it in Example
written with factorials instead of the Gamma function.
2.2 Dual identities (Annina)

In this section we are going to transform WZ pairs (F(n, k), G(n, k)) to new
WZ pairs (F(n,k),G(n,k)).
Recall that (F'(n,k),G(n,k)) is called a WZ pair, if it fulfills

F(n+1,k)— F(n,k) = G(n,k+1) — G(n,k).

When we take F' to be a hypergeometric term of the form

Hi(am + blk + Cl)'
[T, (uwin + wik + w;)V

F(n, k) = 2p(n, k)

we can extend F' and G to the complex plane, by extending the factorial
using the Gamma function. The two meromorphic functions still fulfill the
properties of a WZ pair in the domain of the definition of F' and G.

The dual transformation is then done by multiplying the hypergeometric
terms F'(n, k) and G(n, k) by a certain periodic meromorphic function P(n, k),

which is defined by products of terms of the form P(n, k) := (ceintbitt? Sig(w(ain%"kﬂi)) .
If P(n, k) is a periodic function of n and k of period 1, then

F(n+1,k) — F(n, k) — G(n, k + 1) + G(n, k)
=F(n+1,k)-P(n+1,k)— F(n,k)- Pn,k) —G(n,k+1)- Pn,k+ 1)+ G(n,k) - P(n, k)
= F(n+1,k)- P(n,k) — F(n,k)- P(n,k) — G(n,k+1) - P(n,k) + G(n,k) - P(n,k) =0

and therefore (F(n, k), G(n, k)) is indeed a new WZ pair.

Since (EF'(n, k), G(n, k)) is a WZ pair, we only have to check (G1) and then
we know by Theorem [1.1|that Y, F(n,k) = const.

This transformation therefore gives us a new identity. This identity is called
the dual identity of >}, F(n, k) = const. It is called dual, because the map-
ping (F(n,k),G(n,k)) — (F(n,k),G(n, k)) is an involution, i.e. applying
the mapping twice is the identity mapping.

Now let’s have a closer look at the method of dualization.

11



2.2.1 The method of dualization

Hi (ainerikJrci)!

[T, Cinruskwy) Where

Consider the hypergeometric term F(n, k) = z¥p(n, k)
p is a rational function of n, k.

To obtain some Fj,e,, do the following:

e Take a factor (an + bk + ¢)! that appears in the numerator (or denom-
inator) of F'. Remove it.
e Place the factor (—1 — an — bk — ¢)! in the denominator (numerator).

e Multiply everything by (—1)e7+bk,

To obtain the corresponding G,ey, perform exactly the same operations on
G.

We can carry out this operation on any factorial factor in the numerator or
denominator of F' and G. We can also perform it repeatedly on different
factorial factors, while preserving the WZ pair relationship.

Before we proof that fact, let us first have a look at an example.

Example 2.3. Consider the Vandermonde identity
2@ -C)
. k) \k a

F(n, k) := (WG _ (al)2(n!)?

We define

("7 T RD)%(a— k)n — k)(n + a)!

and know from the Vandermonde identity that }}, F(n, k) = 1.

Let us use Mathematica to find the WZ mate G of F. After defining F
in Mathematica, we type

WZ[F[n,k],n,k]

and receive

.. k” 2 Binomial[a,k]Binomial[n,k]
The WZ mate G(n,k) is (-1+k-n) (1+a+n)Binomial [n+a,a]

Let us now find a dual of the WZ pair (F(n,k),G(n,k)). We first apply

12



the operations to F', choosing (a — k)! as the factor, we work with. We
remove it from the denominator, place (—1 — a + k)! in the numerator and
multiply everything by (—1)~* and get

(=1)~*(al)2(n)2(~1 — a + k)!

Fnew(n,k) = 0 o i )1

We also apply the procedure to the factors (a!)? in the numerator and the
factor (n + a)! the denominator of Fj,.,,. We obtain:

(=1)~F(n)2(=1 — a+ k)(—=1 —a — n)!

F(n, k) = (D200 — ) (=1 — a)2

Applying exactly the same operations choosing the same factors to

G(n, k) = (Z) (Z)k2 B (al)2(n!)2k?

(MY (-1—k-n)1+a+n) (K (a—K)!n-k!(n+a)(-1+k-n)(1+a+n)

a

we get the WZ mate of F, namely

N (—1)~F(n))2(=1 — a + k)(—1 — a — n)!k?2
Gln. k) = N2 —k)(-1—a)?(—1+k—n)1+a+n)

Let us check on Mathematica, if I and G really are a WZ pair.
We first type the functions F' and G into Mathematica and then type

FactorialSimplify[F_tilde[n + 1, k] - F_tilde[n, k] - G_tildel[n,
k + 1] + G_tildel[n, k]]

and Mathematica indeed gives back
0.

The only thing left to do, before we can apply Theorem~ is to check
that (G1) holds. We need to show that Vn € N : limy_,4o, G(n, k) = 0. But

Gln k) = (1)) (-1 —a+ k(-1 —a—n)k* (—1)n e (7 (k_—ll_—aa)kg
ST WP =R =PI+ k—n)(1+a+n) (A +k—n)(1+a+n)

and we see, that because of the factor (Z), this expression will be 0 for k > n
and k < 0.
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By Theorem we therefore know that Y, F(n,k) is independent of n.
Since it is 1 when n = 0, the newly found dual identity reads:

;F(n’ F)=1< Zk:(_l)nJrk (Z) <k_—11_—aa) _ (—1n— a>.

This identity is not exactly new, it is actually a special case of Gauss’s o F}
identity. We will show that the dual mapping is an involution. This implies
that Vandermonde’s identity can thereby be proved from Gauss’s, by spe-
cializing and then dualizing.

Now let us prove that the dualization really maps WZ pairs to WZ pairs.
Proposition 2.2. The pair (F,G), obtained by dualizing a WZ pair (F,G)
1s again a WZ pair.

Proof. First, we claim that

™

bk l=— .
(an + bk + ) sin(m(an + bk + ¢))(—1 — an — bk — ¢)!

The claim follows from the reflection formula

™

F(z)I'(1—=2) =

sin(7z)’
Substituting (an + bk + ¢ + 1) for z, the reflection formula implies

(an 4+ bk +c)! =T(an+ bk +c+ 1)
™

sin(mz)['(1 — z)

T
sin(m(an + bk + ¢+ 1))(—an — bk —c —1)!
7r

~ sin(w(an + bk + ¢))(—an — bk — ¢ — 1)1

For the last equality, recall that sin(z + 7) = — sin(x).

When we, in the process of dualization, remove the factor (an + bk + ¢) from
the numerator, put (—1 — an — bk — ¢) in the denominator and multiply
everything by(—1)®* it is the same as multiplying F'(n, k) by

(_1)an+bk
(an + bk + ¢)l(—=1 —an — bk — ¢)!’
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Using the results above, we get that

(—1)an+bk (—1)@H+0k+1 gin (7 (an + bk + ¢))

(an + bk + ¢)!(—1 —an — bk —¢)! T

Therefore, after the dualization process, we have in effect multiplied F'(n, k)
by a function

(—1)en+bk+gin(mr(an + bk + ¢))
v

P(n, k) :=

(Or divided it by the function P(n, k), if the factor (an + bk + ¢) was in the
denominator.)

We can easily check, that (P(n, k)) is a periodic function of n and k of period
1. Indeed, let’s check it for n.

(—1)2 DR+ gin (7 (a(n + 1) + bk + c))
™
(_1)an+bk+1+a(_1)a sin(w(an + bk + C))
T
(_1)an+bk+1 sin(ﬂ(an + bk + C))

)

™

Where the first equality follows from

—1)%si if o odd
sin(x + ar) = ( )*sin(z) 1 @0
sin(x) if a even.
As explained at the beginning of this section, P(n,k) being periodic implies
that (F'(n,k),G(n,k)) = (F(n,k) - P(n,k),G(n,k) - P(n,k)) is again a WZ
pair. O

Remark. The reader might have noticed, that we cheated a little in the proof.
If we are precise, we must consider that the reflection formula does not hold
for integers. It however holds for values close to integers, and replacing
(an + bk + ¢+ 1)! by an expression like I'(an + bk + ¢ + 1 + €), we can carry
out the calculations as above and then take the limit.

Remark. Now we can see, why the map (F'(n, k), G(n, k)) — (F(n, k), G(n, k))

is an involution. When applying the method a first time to some factor (an+
(_1)an+bk+l

an+bk+c)!(—1—an—bk—c)!

Now there is a factor (—1 — an — bk — ¢)! in the denominator of Fe, and

Grew- When applying the method a second time, now to this new factor in

bk + ¢)! in the numerator, we multiply F' and G by 0
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the denominator, we multiply everything by (—1)==%%=1(_1 — an — bk —
(=1 + 1+ an + bk + ¢)!. In summary, when applying the method twice,
we multiply F' and G by

(—1)antbktl(_py=an=bk=1(_1 _qp — bk — c)!/(—1 + 1 + an + bk + ¢)!

=1.
(an + bk + ¢)!(—=1 — an — bk — ¢)!

2.3 The definite sum made indefinite (Annina)

Consider again a WZ pair (F(n,k),G(n,k)). Recall that F(n + 1,k) —
F(n,k) = G(n,k + 1) — G(n, k) holds. From this equation we can derive
another, which can help in finding asymptotic estimates of hypergeometric
sums.

Assume that )}, F'(n,k) = 1 and that the support of F' properly contains
the interval [0,n]. We are interested in the sum

= Y F(n,k)
k=0

We first derive a new identity.
Sum the equation

Fn+1,k)— F(n,k) =Gn,k+1) — G(n, k)
over k < n and obtain
hin+1)—F(n+1,n+1)—h(n) =Gn,n+1)—G(n,0).

Next, replace n by j and sum over j = 0,...,n — 1 to get

n

= Y FG4) = Y (GG —1,5) = G(j —1,0))

j=1 k=1
which is equivalent to
Y F(n,k) = F( Z (G, ) + GG —1,§) =G —1,0)). (%)
k=0 j=1

Note that on the right side there is a sum in which the running index n does
not appear in the summand.
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Example 2.4. Consider the identity

on 2 2n
St () = o ().
. k n
Note that the support of the summand on the LHS is [0, 2n].

We define 2
=" (%)

()

Mathematica tells us that the WZ mate of F is

F(n,k) =

—n 2n 2
(=1)*"k?(10n? — 6kn — 17n + k? — 5k + 7) (%)

G(n, k) = 2(2n — k +2)2(2n — k + 1)2(7)

and that (35— 2) (2j)
F(Lj)+ GG —1,5) = — )

4(25 - 1)
Note that G(j —1,0) =0 VY j
Therefore reads as
n _1k7n2n2 n (2J 3i—1
$EVE) L3 (1)5-‘71)
k=0 (n) j=1 (27 -1)

Now assume, we want to compute the LHS for n = 1,..., N. If we compute
the LHS directly, this would take O(N?) time, as we would have to compute
the summand for each n sepeartely. On the RHS however, we can do the
computations in O(N) time, as n does not appear in the summand.

3 References
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