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1 The WZ method

The WZ method is a short way to prove known identities (e.g. identities
in the hypergeometric database of Chapter 3 of the book A=B) using only
a rational function Rpn, kq. On the way of the proof (if successful) we find
new identities for free.

1.1 The Algorithm (Elena)

The WZ method works as follows:

1. Suppose we want to show
ř

k tpn, kq “ RHSpnq, where RHSpnq is some
function of n, independent of k.
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2. If RHSpnq ı 0, look instead at fpnq :“
ř

k F pn, kq “ 1, where F pn, kq “
tpn,kq

RHSpnq . If RHSpnq ” 0, leave F pn, kq “ tpn, kq. If RHSpnq ‰ 0 for some

n and RHSpnq “ 0 for some other n, then we still use F pn, kq “ tpn,kq
RHSpnq .

This means that in this case we have a partially undefined function
and we need to pay attention on what we can choose as the support
of F pn, kq, i.e. we need to adapt the boundaries for k of the sum in
such a way that we can go around the problematic values of n. If this
is not possible, we may need to give restrictions on n in order that the
identity holds.
Like that we can ensure that

ř

k F pn, kq is constant, which will be
needed to make sure that Step 4 does work (in case the identity is
correct).

3. Find Rpn, kq, the certificate for the WZ method (see below, steps 3.1
and 3.2) and define Gpn, kq :“ Rpn, kqF pn, kq.

4. Check that D :“ F pn`1, kq´F pn, kq “ Gpn, k`1q´Gpn, kq. This is
mostly easily verifiable. Such a pair pF,Gq is called a WZ pair satis-
fying the WZ equation. Summing this equation over all k and noting
that the RHS telescopes to 0, we get

ř

k F pn` 1, kq “
ř

k F pn, kq, i.e.
ř

k F pn, kq doesn’t depend on n and is therefore constant.

5. Verify that this constant is indeed 1 by entering an explicit value for
n, e.g. check that

ř

k F p0, kq “ 1.

For the crucial Step 3 of the WZ method we use Gosper’s algorithm in the
following way:

3.1 Let Dpkq :“ F pn` 1, kq ´ F pn, kq and input Dpkq into Gosper’s algo-
rithm. If Gosper fails, then the WZ method fails as well.

3.2 Otherwise Gosper gives us a function gpkq such that Dpkq “ gpk `
1q ´ gpkq. Of course this g will also contain a parameter n, so rename
it to Gpn, kq. This Gpn, kq is the WZ mate for F pn, kq. Furthermore
Gpn,kq
F pn,kq :“ Rpn, kq is a rational function. (By Chapter 5.2 of the book
A=B : From Gosper we find a hypergeometric term zn s.t. zn`1´ zn “
tn. Then zn

tn
“ 1

zn`1{zn´1
is a rational function of n.)

So now, the only problem is that Gosper’s algorithm may fail. But in fact
the WZ method does work quite often.
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As seen in Chapter 6 of the book A=B : for every proper hypergeometric term
F pn, kq we always have a telescoping certification of

ř

k F pn, kq “ const. as

J
ÿ

j“0

ajpnqF pn` j, kq “ Gpn, k ` 1q ´Gpn, kq

Now, by observation we find that if we divide by the RHS (if RHS ‰ 0),
then in 99% of the cases this LHS just reduces to F pn` 1, kq ´ F pn, kq. So
we just need to give the WZ phenomenon a chance to happen by dividing
through the RHS.

1.2 The WZ method is valid (Elena)

The following theorem underlies these procedures:

Theorem 1.1. Let pF,Gq be a WZ pair, i.e. s.t. F pn ` 1, kq ´ F pn, kq “
Gpn, k ` 1q ´Gpn, kq. Assume:

(G1) @n P N : limkÑ˘8Gpn, kq “ 0

Then
ř

k F pn, kq “ const. @n P N, i.e. the certification procedure is valid,
meaning that Step 4 of the WZ method actually works.

Proof. Let ∆nhpnq :“ hpn` 1q ´ hpnq.
Starting from the WZ equation and summing over ´L ď k ď K we get:

K
ÿ

k“´L

pF pn` 1, kq ´ F pn, kqq “
K
ÿ

k“´L

pGpn, k ` 1q ´Gpn, kqq

But the summand on the LHS is just ∆npF pn, kqq and the RHS telescopes
to Gpn,K ` 1q ´Gpn,´Lq. Therefore we get:

∆n

˜

K
ÿ

k“´L

F pn, kq

¸

“ Gpn,K ` 1q ´Gpn,´Lq

Now, taking the limits as K,LÑ `8 we get on the LHS ∆np
ř

k F pn, kqq “
ř

k F pn` 1, kq ´
ř

k F pn, kq and on the RHS, by (G1), we get 0. So overall:
ÿ

k

F pn` 1, kq “
ÿ

k

F pn, kq

This means, that
ř

k F pn, kq is independent of n, i.e. it is constant.

3



1.3 A Mathematica session (Elena)

Now we can have a look at how the WZ method can be implemented in
Mathematica. After loading Gosper’s algorithm by typing « gosper.m, we
can use the following module:

Example 1.1. As a first example we consider Gauss’s 2F1 identity. In the
hypergeometric database (see Chapter 3.5 of the book A=B) we saw that
for b P Z´ Y t0u or Repc´ a´ bq ą 0 we have:

2F1

„

a b

c
; 1



“
Γpc´ a´ bqΓpcq

Γpc´ aqΓpc´ bq

We will prove this identity using the WZ method. First, by definition we
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can rewrite the LHS as:

2F1

„

a b

c
; 1



“

`8
ÿ

k“0

paqkpbqk
pcqk

1k

k!
“

`8
ÿ

k“0

pa` k ´ 1q!pb` k ´ 1q!pc´ 1q!

pa´ 1q!pb´ 1q!pc` k ´ 1q!k!

Then, dividing this new LHS by the RHS and setting a “ n to get an identity
of the form

ř

k F pn, kq “ 1 we get:

`8
ÿ

k“0

pn` k ´ 1q!pb` k ´ 1q!pc´ 1q!Γpc´ nqΓpc´ bq

pn´ 1q!pb´ 1q!pc` k ´ 1q!k!Γpc´ n´ bqΓpcq

“

`8
ÿ

k“´1

pn` kq!pb` kq!pc´ 1q!Γpc´ nqΓpc´ bq

pn´ 1q!pb´ 1q!pc` kq!pk ` 1q!Γpc´ n´ bqΓpcq
!
“ 1

This summand we can now enter in Mathematica:
f := ((n+k)!(b+k)!(c-1)!Gamma[c-n]Gamma[c-b])/

((n-1)!(b-1)!(c+k)!(k+1)!Gamma[c-n-b]Gamma[c]);
WZnew[f, n, k, TRUE, FALSE, , , ,];
And we get out:
The rational function R(n,k) is -(1+k)(c+k)

(-1+c-n) n
The WZ mate G(n,k) is - (-1-b+c)!(b+k)!(-2+c-n)!(k+n)!

(-1+b)!k!(-1+c+k)!(-1-b+c-n)!n!

We want to check that things worked correctly. We need to give the bounds
of the support of Gpn, kq and F pn, kq to our module WZ. The support of G
is 0 ď k ď `8. However we also need to consider Gpn, k ` 1q and so we
need to also allow k “ ´1. The support of F pn, kq is ´1 ď k ď `8. We
therefore enter the following:
WZnew[f, n, k, FALSE, TRUE, -1, Infinity, -1, Infinity];

First we get out the check that pF,Gq is indeed a valid WZ pair:
Check that (F,G) is a valid WZ pair (should give 0): 0
Then we get the check that the RHS does telescope to 0:
Check that RHS telescopes to 0 (should give 0): 0
This shows that

ř

k F pn, kq is independent of n, i.e. constant. Then we
check that the constant is indeed 1 by entering the value n “ 1 and we get
out:
Check that Sum(F(n,k))=1 (should give 1):1
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2 Spinoffs from the WZ method

In the course of certifying identities the WZ method gives (at least) three
types of new identities for free.

2.1 The companion identity (Elena)

Theorem 2.1. Let pF,Gq be a WZ pair, i.e. s.t. F pn ` 1, kq ´ F pn, kq “
Gpn, k ` 1q ´Gpn, kq. We use the following assumptions:

(F1) @k in the support of F pn, kq : fk :“ limnÑ`8 F pn, kq exists and
is finite

(G2) limLÑ`8
ř`8
n“0Gpn,´Lq “ 0

Then:
ř`8
n“0Gpn, kq “

řk´1
j“´8pfj ´ F p0, jqq, which we call the companion

identity.

Remark. 1. Roughly, the existence of the companion identity for G comes
from the symmetry of F and G in the WZ equation.

2. We also have the more general companion identity, where we can choose
l ě 0:

`8
ÿ

n“l

Gpn, kq “
k´1
ÿ

j“´8

pfj ´ F pl, jqq

This can be obtained by adapting slightly the proof below.

Proof. (of Theorem 2.1) Let ∆nhpnq :“ hpn` 1q ´ hpnq.
Starting from the WZ equation and summing over 0 ď n ď N we get:

N
ÿ

n“0

pF pn` 1, kq ´ F pn, kqq “
N
ÿ

n“0

pGpn, k ` 1q ´Gpn, kqq

But the LHS telscopes to F pN ` 1, kq ´ F p0, kq and the summand on the
RHS is just ∆kpGpn, kqq. Therefore we get:

F pN ` 1, kq ´ F p0, kq “ ∆k

˜

N
ÿ

n“0

Gpn, kq

¸

Now, taking the limits as N Ñ `8 we get on the LHS, by (F1) fk´F p0, kq
and on the RHS ∆kp

ř`8
n“0Gpn, kqq. If we then sum over ´L ď j ď k´ 1 we

get overall:
k´1
ÿ

j“´L

pfj ´ F p0, jqq “
k´1
ÿ

j“´L

∆j

˜

`8
ÿ

n“0

Gpn, jq

¸
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But switching the summation signs on the RHS we get
ř`8
n“0

řk´1
j“´LpGpn, j`

1q ´Gpn, jqq “
ř`8
n“0pGpn, kq ´Gpn,´Lqq. Then taking the limits as L Ñ

`8 we get on the LHS
řk´1
j“´8pfj ´ F p0, jqq and on the RHS, by (G2), we

get
ř`8
n“0Gpn, kq. So overall:

k´1
ÿ

j“´8

pfj ´ F p0, jqq “
`8
ÿ

n“0

Gpn, kq

We give two examples:

Example 2.1. Consider the identity
ř

k

`

n
k

˘2
“

`

2n
n

˘

. By dividing through
the RHS we get F pn, kq “

`

n
k

˘2
{
`

2n
n

˘

.

First, we enter F pn, kq in Mathematica to find Rpn, kq and Gpn, kq:

Rpn, kq “
´3n` 2k ´ 1

2p2n` 1q
, Gpn, kq “

p´3n` 2k ´ 1q
`

n
k

˘2

2p2n` 1q
`

2n
n

˘

Here we see that the support of Gpn, kq is 0 ď k ď n because of the Binomial
coefficient in the numerator.

Now to get the companion identity we first check pF1q using Stirling’s for-
mula n! „

?
2πn nne´n:

fk :“ lim
nÑ`8

F pn, kq “ lim
nÑ`8

n!4

k!2pn´ kq!2p2nq!

“ lim
nÑ`8

p2πnq2n4ne´4n

p2πkqk2ke´2kp2πpn´ kqqpn´ kq2pn´kqe2k´2n
a

2πp2nqp2nq2ne´2n

“ lim
nÑ`8

n2`4n´1{2´2nk´1´2kpn´ kq´1´2n`2k2´2n´1{2π´1{2

“ k´2k´1p2πq´1{2 lim
nÑ`8

n3{2pn´ kq2k´1
ˆ

n

2pn´ kq

˙2n

“ k´2k´1p2πq´1{2 lim
nÑ`8

n3{2pn´ kq2k´1 lim
nÑ`8

2´2n
ˆ

lim
nÑ`8

ˆ

1`
k

n´ k

˙n˙2

p1q
“ k´2k´1p2πq´1{2 lim

nÑ`8

´

n3{2pn´ kq2k´12´2n
¯

e2k
p2q
“ 0
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where in (1) we have used that limnÑ`8p1 `
1
nq
n “ e and in (2) we have

applied repeatedly Hôspital’s rule to get that

lim
nÑ`8

n3{2pn´ kq2k´1

22n
“

3p2k ´ 1q!

logp2q2k
lim

nÑ`8

1

n1{222n
“ 0

For pG2q note:

lim
LÑ`8

`8
ÿ

n“0

Gpn,´Lq “ lim
LÑ`8

`8
ÿ

n“0

´3n´ 2L´ 1

2p2n` 1q

`

n
´L

˘2

`

2n
n

˘

which gives zero since
`

n
k

˘

“ 0 for k ă 0.
Also note that

F p0, kq “

#

1, if k “ 0

0, else

Therefore we get as companion identity (for l “ 0):

`8
ÿ

n“0

´3n` 2k ´ 1

2p2n` 1q

`

n
k

˘2

`

2n
n

˘ “ ´1 ðñ

`8
ÿ

n“0

3n´ 2k ` 1

2n` 1

`

n
k

˘2

`

2n
n

˘ “ 2

We can in fact check this new identity by entering it in our WZ module (note
that we switch the roles of n and k). First we need Rpn, kq and Gpn, kq.
f := ((3k-2n+1) Binomial[k, n]ˆ 2)/(2(2k+1) Binomial[2k, k]);
WZnew[f, n, k, TRUE, FALSE, , , ,];
And we get:
The rational function R(n,k) is - 2(1+2k)(k-n)ˆ 2

(1+3k-2n)(1+n)ˆ 2
The WZ mate G(n,k) is -(k-n)ˆ 2 Binomial[k,n]]ˆ 2

(1+n)ˆ 2 Binomial[2k,k]

Then to check it, we use the support n ď k ď `8 for Gpn, kq. F pn, kq has
support n ď k ď `8 but since we use n “ 1 to check that

ř

k F pn, kq “ 1
we use 1 ď k ď `8. Therefore we enter:
WZnew[f, n, k, FALSE, TRUE, n, Infinity, 1, Infinity];
And after some computation time we are rewarded with:
Check that (F,G) is a valid WZ pair (should give 0): 0
Check that RHS telescopes to 0 (should give 0): 0
Check that Sum(F(n,k))=1 (should give 1):1

Even though this identitity may not be very beautiful, it is a new one. This
shows that having a fixed hypergeometric database (see Chapter 3 of the
book A=B) where one could look up such identitites, can never be complete.
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There will always be an entry in this database whose companion identity was
not in the database.

Example 2.2. Consider the following identity:

`8
ÿ

k“1

pn´ iq!pn´ jq!pi´ 1q!pj ´ 1q!

pn´ 1q!pk ´ 1q!pn´ i´ j ` kq!pi´ kq!pj ´ kq!
“ 1

Note that in order to have well-defined factorials, we already get the following
constraints:

n ě maxti, j, 1u, 1 ď k ď minti, ju, n` k ě i` j (1)

Again, we first enter this in Mathematica to find Rpn, kq and Gpn, kq:
f := ((n-i)!(n-j)!(i-1)!(j-1)!)/((n-1)!(k-1)!(n-i-j+k)!(i-k)!(j-k)!);
WZnew[f, n, k, TRUE, FALSE, , , ,];
And we get out:
The rational function R(n,k) is -1+k

n
The WZ mate G(n,k) is (-1+i)!(-1+j)!(-i+n)!(-j+n)!

(i-k)!(j-k)!(-2+k)!n!(-i-j+k+n)!

Note, that here we would need k ě 2 but we can also define Gpn, kq as 0 for
k “ 1 since Gpn, kq “ Rpn, kqF pn, kq and Rpn, kq is 0 for k “ 1. Therefore
we use 1 ď k ď `8 as support for Gpn, kq and also 1 ď k ď `8 as support
for F pn, kq. Therefore to check the identity we enter:
WZnew[f, n, k, FALSE, TRUE, 1, Infinity, 1, Infinity];
And we are indeed rewarded with:
Check that (F,G) is a valid WZ pair (should give 0): 0
Check that RHS telescopes to 0 (should give 0): 0
Check that Sum(F(n,k))=1 (should give 1):1

Now to find the companion identity again we first calculate the limits fk
using Stirling’s formula:

fk :“ lim
nÑ`8

F pn, kq

“ lim
nÑ`8

?
2πpn´iqpn´iqn´iei´n

?
2πpn´jqpn´jqn´jej´npi´1q!pj´1q!

?
2πpn´1qpn´1qn´1e1´npk´1q!

?
2πpn´i´j`kqpn´i´j`kqn´i´j`kei`j´n´kpi´kq!pj´kq!

“ lim
nÑ`8

pn´iqn´i`1{2
pn´jqn´j`1{2

pn´1q1{2´npn´i´j`kqi`j´n´k´1{2ek´1 pi´1q!pj´1q!
pk´1q!pi´kq!pj´kq!

“ lim
nÑ`8

n1´kp1´i{nqn´i`1{2
p1´j{nqn´j`1{2

p1´1{nq1{2´np1´ i`j´k
n

q
i`j´n´k´1{2

ek´1 pi´1q!pj´1q!
pk´1q!pi´kq!pj´kq!

“ lim
nÑ`8

´ e
n

¯k´1 pi´ 1q!pj ´ 1q!

pk ´ 1q!pi´ kq!pj ´ kq!
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“

#

1, if k “ 1

0, if k ě 2

Note that we don’t need to consider fk for k ď 0, since this is not in the
support of F pn, kq.

For pG2q note:

lim
LÑ`8

`8
ÿ

n“0

Gpn,´Lq “ lim
LÑ`8

pi´ 1q!pj ´ 1q!

p´L´ 2q!pi` Lq!pj ` Lq!

`8
ÿ

n“0

pn´ iq!pn´ jq!

n!pn´ i´ j ´ Lq!

which gives zero because of the two factors pi`Lq!pj`Lq! in the denominator.

Also note that

F pj, kq “
pj ´ iq!pi´ 1q!

pk ´ 1q!pk ´ iq!pi´ kq!pj ´ kq!
“

ˆ

j ´ i

j ´ k

˙ˆ

i´ 1

i´ k

˙

Now, from the last constraint in (1) we have for n “ j, that k ě i. On the
other hand from the second binomial coefficient we need k ď i, so that in
total k “ i.
Therefore we get as companion identity (for l “ j):

`8
ÿ

n“j

Gpn, kq “
k´1
ÿ

k1“´8

pfk1 ´ F pj, k
1qq ðñ

pi´ 1q!pj ´ 1q!

pk ´ 2q!pi´ kq!pj ´ kq!

`8
ÿ

n“j

pn´ iq!pn´ jq!

n!pn´ i´ j ` kq!
“ 1´

k´1
ÿ

k1“´8

ˆ

j ´ i

j ´ k1

˙ˆ

i´ 1

i´ k1

˙

But in the sum on the RHS, in order to get non-zero terms we need 0 ď
j ´ k1 ď j ´ i and 0 ď i ´ k1 ď i ´ 1, i.e. j ě k1 ě i and i ě k1 ě 1, i.e.
k1 “ i gives the only non-zero term. Therefore, since the sum only goes up
to k ´ 1 “ i´ 1, we get 0 for the sum in the RHS. So overall:

`8
ÿ

n“j

pn´ iq!pn´ jq!

n!pn´ i´ j ` kq!
“
pk ´ 2q!pi´ kq!pj ´ kq!

pi´ 1q!pj ´ 1q!

If we now write n´ i´ j ` k “ r in the sum on the LHS, we get

`8
ÿ

r“0

pr ` j ´ kq!pr ` i´ kq!

r!pr ` i` j ´ kq!
“
pk ´ 2q!pi´ kq!pj ´ kq!

pi´ 1q!pj ´ 1q!
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Now, set i “ c´ a, j “ c´ b and k “ c´ a´ b` 1 to get:

`8
ÿ

r“0

pr ` a´ 1q!pr ` b´ 1q!

r!pr ` c´ 1q!
“
pc´ a´ b´ 1q!pb´ 1q!pa´ 1q!

pc´ a´ 1q!pc´ b´ 1q!

which is exactly Gauss’s 2F1 identity as we have seen it in Example 1.1
written with factorials instead of the Gamma function.

2.2 Dual identities (Annina)

In this section we are going to transform WZ pairs pF pn, kq, Gpn, kqq to new
WZ pairs pF̃ pn, kq, G̃pn, kqq.
Recall that pF pn, kq, Gpn, kqq is called a WZ pair, if it fulfills

F pn` 1, kq ´ F pn, kq “ Gpn, k ` 1q ´Gpn, kq.

When we take F to be a hypergeometric term of the form

F pn, kq “ xkρpn, kq

ś

ipain` bik ` ciq!
ś

ipuin` uik ` wiq!
,

we can extend F and G to the complex plane, by extending the factorial
using the Gamma function. The two meromorphic functions still fulfill the
properties of a WZ pair in the domain of the definition of F and G.
The dual transformation is then done by multiplying the hypergeometric
terms F pn, kq andGpn, kq by a certain periodic meromorphic function P pn, kq,
which is defined by products of terms of the form P pn, kq :“ p´1qain`bik`1 sinpπpain`bik`ciqq

π .
If P pn, kq is a periodic function of n and k of period 1, then

F̃ pn` 1, kq ´ F̃ pn, kq ´ G̃pn, k ` 1q ` G̃pn, kq

“ F pn` 1, kq ¨ P pn` 1, kq ´ F pn, kq ¨ P pn, kq ´Gpn, k ` 1q ¨ P pn, k ` 1q `Gpn, kq ¨ P pn, kq

“ F pn` 1, kq ¨ P pn, kq ´ F pn, kq ¨ P pn, kq ´Gpn, k ` 1q ¨ P pn, kq `Gpn, kq ¨ P pn, kq “ 0

and therefore pF̃ pn, kq, G̃pn, kqq is indeed a new WZ pair.

Since pF̃ pn, kq, G̃pn, kqq is a WZ pair, we only have to check (G1) and then
we know by Theorem 1.1 that

ř

k F̃ pn, kq “ const.
This transformation therefore gives us a new identity. This identity is called
the dual identity of

ř

k F pn, kq “ const. It is called dual, because the map-
ping pF pn, kq, Gpn, kqq ÝÑ pF̃ pn, kq, G̃pn, kqq is an involution, i.e. applying
the mapping twice is the identity mapping.
Now let’s have a closer look at the method of dualization.
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2.2.1 The method of dualization

Consider the hypergeometric term F pn, kq “ xkρpn, kq
ś

ipain`bik`ciq!
ś

ipuin`uik`wiq!
, where

ρ is a rational function of n, k.

To obtain some Fnew do the following:

• Take a factor pan` bk` cq! that appears in the numerator (or denom-
inator) of F . Remove it.

• Place the factor p´1´ an´ bk ´ cq! in the denominator (numerator).

• Multiply everything by p´1qan`bk.

To obtain the corresponding Gnew, perform exactly the same operations on
G.
We can carry out this operation on any factorial factor in the numerator or
denominator of F and G. We can also perform it repeatedly on different
factorial factors, while preserving the WZ pair relationship.
Before we proof that fact, let us first have a look at an example.

Example 2.3. Consider the Vandermonde identity

ÿ

k

ˆ

a

k

˙ˆ

n

k

˙

“

ˆ

n` a

a

˙

.

We define

F pn, kq :“

`

a
k

˘`

n
k

˘

`

n`a
a

˘ “
pa!q2pn!q2

pk!q2pa´ kq!pn´ kq!pn` aq!

and know from the Vandermonde identity that
ř

k F pn, kq “ 1.

Let us use Mathematica to find the WZ mate G of F . After defining F
in Mathematica, we type

WZ[F[n,k],n,k]

and receive

The WZ mate G(n,k) is kˆ 2 Binomial[a,k]Binomial[n,k]
(-1+k-n)(1+a+n)Binomial[n+a,a]

Let us now find a dual of the WZ pair pF pn, kq, Gpn, kqq. We first apply

12



the operations to F , choosing pa ´ kq! as the factor, we work with. We
remove it from the denominator, place p´1 ´ a ` kq! in the numerator and
multiply everything by p´1q´k and get

Fnewpn, kq “
p´1q´kpa!q2pn!q2p´1´ a` kq!

pk!q2pn´ kq!pn` aq!
.

We also apply the procedure to the factors pa!q2 in the numerator and the
factor pn` aq! the denominator of Fnew. We obtain:

F̃ pn, kq “
p´1q´k`npn!q2p´1´ a` kq!p´1´ a´ nq!

pk!q2pn´ kq!p´1´ aq!2
.

Applying exactly the same operations choosing the same factors to

Gpn, kq “

`

a
k

˘`

n
k

˘

k2
`

n`a
a

˘

p´1´ k ´ nqp1` a` nq
“

pa!q2pn!q2k2

pk!q2pa´ kq!pn´ kq!pn` aq!p´1` k ´ nqp1` a` nq
,

we get the WZ mate of F̃ , namely

G̃pn, kq “
p´1q´k`npn!q2p´1´ a` kq!p´1´ a´ nq!k2

pk!q2pn´ kq!p´1´ aq!2p´1` k ´ nqp1` a` nq
.

Let us check on Mathematica, if F̃ and G̃ really are a WZ pair.
We first type the functions F̃ and G̃ into Mathematica and then type

FactorialSimplify[F_tilde[n + 1, k] - F_tilde[n, k] - G_tilde[n,
k + 1] + G_tilde[n, k]]

and Mathematica indeed gives back

0.

The only thing left to do, before we can apply Theorem 1.1, is to check
that (G1) holds. We need to show that @n P N : limkÑ˘8 G̃pn, kq “ 0. But

G̃pn, kq “
p´1q´k`npn!q2p´1´ a` kq!p´1´ a´ nq!k2

pk!q2pn´ kq!p´1´ aq!2p´1` k ´ nqp1` a` nq
“

p´1qn`k
`

n
k

˘`

k´1´a
´1´a

˘

k2
`

´1´a
n

˘

p1` k ´ nqp1` a` nq

and we see, that because of the factor
`

n
k

˘

, this expression will be 0 for k ą n
and k ă 0.
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By Theorem 1.1 we therefore know that
ř

k F̃ pn, kq is independent of n.
Since it is 1 when n “ 0, the newly found dual identity reads:

ÿ

k

F̃ pn, kq “ 1 ô
ÿ

k

p´1qn`k
ˆ

n

k

˙ˆ

k ´ 1´ a

´1´ a

˙

“

ˆ

´1´ a

n

˙

.

This identity is not exactly new, it is actually a special case of Gauss’s 2F1

identity. We will show that the dual mapping is an involution. This implies
that Vandermonde’s identity can thereby be proved from Gauss’s, by spe-
cializing and then dualizing.

Now let us prove that the dualization really maps WZ pairs to WZ pairs.

Proposition 2.2. The pair pF̃ , G̃q, obtained by dualizing a WZ pair pF,Gq
is again a WZ pair.

Proof. First, we claim that

pan` bk ` cq! “ ´
π

sinpπpan` bk ` cqqp´1´ an´ bk ´ cq!
.

The claim follows from the reflection formula

ΓpzqΓp1´ zq “
π

sinpπzq
.

Substituting pan` bk ` c` 1q for z, the reflection formula implies

pan` bk ` cq! “ Γpan` bk ` c` 1q

“
π

sinpπzqΓp1´ zq

“
π

sinpπpan` bk ` c` 1qqp´an´ bk ´ c´ 1q!

“ ´
π

sinpπpan` bk ` cqqp´an´ bk ´ c´ 1q!
.

For the last equality, recall that sinpx` πq “ ´ sinpxq.
When we, in the process of dualization, remove the factor pan` bk` cq from
the numerator, put p´1 ´ an ´ bk ´ cq in the denominator and multiply
everything byp´1qan`bk, it is the same as multiplying F pn, kq by

p´1qan`bk

pan` bk ` cq!p´1´ an´ bk ´ cq!
.
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Using the results above, we get that

p´1qan`bk

pan` bk ` cq!p´1´ an´ bk ´ cq!
“
p´1qan`bk`1 sinpπpan` bk ` cqq

π
.

Therefore, after the dualization process, we have in effect multiplied F pn, kq
by a function

P pn, kq :“
p´1qan`bk`1 sinpπpan` bk ` cqq

π

(Or divided it by the function P pn, kq, if the factor pan` bk` cq was in the
denominator.)
We can easily check, that pP pn, kqq is a periodic function of n and k of period
1. Indeed, let’s check it for n.

p´1qapn`1q`bk`1 sinpπpapn` 1q ` bk ` cqq

π

“
p´1qan`bk`1`ap´1qa sinpπpan` bk ` cqq

π

“
p´1qan`bk`1 sinpπpan` bk ` cqq

π
,

Where the first equality follows from

sinpx` aπq “

#

p´1qa sinpxq if a odd
sinpxq if a even.

As explained at the beginning of this section, P(n,k) being periodic implies
that pF̃ pn, kq, G̃pn, kqq “ pF pn, kq ¨ P pn, kq, Gpn, kq ¨ P pn, kqq is again a WZ
pair.

Remark. The reader might have noticed, that we cheated a little in the proof.
If we are precise, we must consider that the reflection formula does not hold
for integers. It however holds for values close to integers, and replacing
pan` bk` c` 1q! by an expression like Γpan` bk` c` 1` εq, we can carry
out the calculations as above and then take the limit.

Remark. Now we can see, why the map pF pn, kq, Gpn, kqq ÝÑ pF̃ pn, kq, G̃pn, kqq
is an involution. When applying the method a first time to some factor pan`
bk ` cq! in the numerator, we multiply F and G by p´1qan`bk`1

pan`bk`cq!p´1´an´bk´cq!

Now there is a factor p´1 ´ an ´ bk ´ cq! in the denominator of Fnew and
Gnew. When applying the method a second time, now to this new factor in
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the denominator, we multiply everything by p´1q´an´bk´1p´1 ´ an ´ bk ´
cq!p´1 ` 1 ` an ` bk ` cq!. In summary, when applying the method twice,
we multiply F and G by

p´1qan`bk`1p´1q´an´bk´1p´1´ an´ bk ´ cq!p´1` 1` an` bk ` cq!

pan` bk ` cq!p´1´ an´ bk ´ cq!
“ 1.

2.3 The definite sum made indefinite (Annina)

Consider again a WZ pair pF pn, kq, Gpn, kqq. Recall that F pn ` 1, kq ´
F pn, kq “ Gpn, k ` 1q ´ Gpn, kq holds. From this equation we can derive
another, which can help in finding asymptotic estimates of hypergeometric
sums.
Assume that

ř

k F pn, kq “ 1 and that the support of F properly contains
the interval r0, ns. We are interested in the sum

hpnq :“
n
ÿ

k“0

F pn, kq.

We first derive a new identity.
Sum the equation

F pn` 1, kq ´ F pn, kq “ Gpn, k ` 1q ´Gpn, kq

over k ď n and obtain

hpn` 1q ´ F pn` 1, n` 1q ´ hpnq “ Gpn, n` 1q ´Gpn, 0q.

Next, replace n by j and sum over j “ 0, ..., n´ 1 to get

hpnq ´ hp0q ´
n
ÿ

j“1

F pj, jq “
n
ÿ

k“1

pGpj ´ 1, jq ´Gpj ´ 1, 0qq

which is equivalent to

n
ÿ

k“0

F pn, kq “ F p0, 0q `
n
ÿ

j“1

pF pj, jq `Gpj ´ 1, jq ´Gpj ´ 1, 0qq. (‹)

Note that on the right side there is a sum in which the running index n does
not appear in the summand.
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Example 2.4. Consider the identity

ÿ

k

p´1qk
ˆ

2n

k

˙2

“ p´1qn
ˆ

2n

n

˙

.

Note that the support of the summand on the LHS is r0, 2ns.
We define

F pn, kq “
p´1qk´n

`

2n
k

˘2

`

2n
n

˘ .

Mathematica tells us that the WZ mate of F is

Gpn, kq “
p´1qk´nk2p10n2 ´ 6kn´ 17n` k2 ´ 5k ` 7q

`

2n
k

˘2

2p2n´ k ` 2q2p2n´ k ` 1q2
`

2n
n

˘

and that

F pj, jq `Gpj ´ 1, jq “
p3j ´ 2q

`

2j
j

˘

4p2j ´ 1q

Note that Gpj ´ 1, 0q “ 0 @ j
Therefore (‹) reads as

n
ÿ

k“0

p´1qk´n
`

2n
k

˘2

`

2n
n

˘ “ 1`
n
ÿ

j“1

`

2j
j

˘

p3j ´ 1q

4p2j ´ 1q

Now assume, we want to compute the LHS for n “ 1, ..., N. If we compute
the LHS directly, this would take OpN2q time, as we would have to compute
the summand for each n sepeartely. On the RHS however, we can do the
computations in OpNq time, as n does not appear in the summand.
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