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Problem

Find closed form for

f(n)=>_F(n k),

k

where F(n, k) is a hypergeometric function.

Definition

A function f(n) is said to have a hypergeometric closed form, if there
exists a representation of f(n) as a linear combination of r
hypergeometric terms, where r € N is fixed and does not depend on n or
any other variables.
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Procedure

1. Find recurrence

J
> ai(n)f(n+j)=0. (1)

j=0
2. Find all hypergeometric solutions of (1).

3. Find linear combination of these solutions that matches f(n) for
enough consecutive values of n.
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Ring of sequences

» Let K be a field of characteristic zero.

» Consider the ring of sequences K, the elements of KV are
(a(n))e2y = (a(0),a(1),...), where a(i) € K.

» KN is a K-vector space
> Let N be the shift operator, i.e. (Na)(n) = a(n+1).

» N is linear, i.e. N(Aa+ b) = ANa+ Nb for A € K, a,b € KN.
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Linear

recurrence equations

Consider the linear recurrence operator L = Y, _o axN* and linear
recurrence equations Ly = f.

Desire dim ker L = ordL, but this fails on KY.

Identify a with b if a(n) = b(n) for all but finitely many n, in
particular a = 0 if a(n) = 0 for n > M.

This identification yields the quotient ring S(K).
S(K) is a K-vector space.

We find dim ker L = ordL on S(K).
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Normal form of rational functions

Theorem

Let K be a field of characteristic zero and r € K[x] be a nonzero rational
function. Then there exist monic polynomials a, b, c € K[n] and
z € K\ {0} such that

a(n) c(n+1)

A OREON
where

(i) ged(a(n), b(n+ h)) =1 for every nonnegative integer h,
(if) ged(a(n), e(n)) = 1,
(iii) ged(b(n), c(n+ 1))

1.

The polynomials a, b, ¢ are constructed in Gosper’s algorithm.
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Method of undetermined coefficients

» Consider
3y(n+2) —ny(n+1) + (n—1)y(n) = 0. ()
> Let y(n) = Y4_, axn* be a general solution of (2).
» Assume we know deg(y) = d < 2.
» Then,

[20 + a1(n +2) + ax(n +2)°] — n a0 + a1(n + 1) + a(n + 1)?]
+(n—1) [a0 + a1n+ an*] = 0.
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Method of undetermined coefficients (2)

» Obtain,

3ag + 3a1n+ 6a; + 3azn2 + 12a,n + 12a, — agn — aln2
—ain— azn3 — 232n2 — asn + agnh + aln2 + agn3 — ao

—aih — 32n2 =0.
» Hence,

[380 + 6a; + 12a, — ao]
+n[3a; +12ay —ag — a1 — a» + ap — a1
+n2[332—31—232-‘1-81—32]+n3[—82+32] =0

and
[2a9 + 621 + 12ay] + n[a; + 11ax] = 0.
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Method of undetermined coefficients (3)

> Obtain
a;+1la, =0, ag+ 3a; +6a, =0.

» lLet a, = t, then a; = —11t and ag = 27t.

» Thus, the general solution is
y(n) = t(27 — 11n + n?),

where t is an arbitrary constant.
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Polynomial solutions

» Find all polynomial solutions of
Ly =f, (3)
where L = Z,;o p,-N’, pi polynomials over K with pg, p, # 0.
» Bound the degree of the general solution y(n) = EZ:O akn” of (3).
» Rewrite L in terms of the difference operator A= N — 1.

L:ii G)P" Aj:ii C)Pi A":;qj Y,

i=0 j=0 j=0 i=j
where q; = Y/_; (J’)p,
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Degree bound

» Notice AJ nk = (k);n*=/ + O(n*=I=1), where we denote the falling
factorial function by (a); =a(a—1)---(a—j+1).

» We have
r d
Ly(n) = Z qi(n) &f (Z aknk> .
j=0 k=0
Thus deg(Ly) < d + b, where b = maxo<j<.(deg g; — j).
(1) fd+b<0,thend < —bH-—1.
(2) For d 4+ b > 0 we need more work.
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Degree bound (2)

» If d + b=deg(Ly) =degf, then d =degf — b.

» If deg(Ly) < d + b, then the coefficient in front of n9*® vanishes.

Thus
as  » lc(qy)(d); =0,

0<j<r
deg gj—j=b

where we write Ic(P) for the leading coefficient of P.

» In other words d is one of finitely many roots of

ax)= Y le(g)x);.

0<j<r
deg qj—j=b
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Degree bound (3)

» Recall the degree polynomial

ax) = > le(q)(x);-
0<j<r
deg gj—j=b
» Let dy = max{m € N: a(m) = 0}.
» Obtain d = max{degf — b,—b—1,d:}.

> Find all y(n) = Y.¢_, ckn® that satisfy (3) by the method of
undetermined coefficients.
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Algorithm Poly

1. Let F be a field of characteristic zero and K an extension field of F.
Let p;(n) be polynomials over F for i =0,1,...,d.

2. For 0 < j < r compute q; = Z,Lj (J')P/

3. Let b = maxo<;<,(deg q; — j),

a(x) =3 o<j<r le(g)(x)),
deg qj—j=b

d1 = max{m € N : a(m) = 0}.
Then d = max{degf — b,—b—1,d}.

4. Find all y(n) = EZ:o ckn® that satisfy (3) by the method of
undetermined coefficients.
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Hypergeometric solutions

» Find all hypergeometric solutions of Ly = 0.

» Consider

p(n)y(n+2) + q(n)y(n+1) + r(n)y(n) = 0.

> Let y(n) be a hypergeometric solution of (4).

» By Theorem 1

y(n+1) = S(n)y(n)

a(n) c(n+1)
(n ) c(n)
(i) ged(a(n), b(n+ h)) =1 for every nonnegative integer h,
(ii) ged(a(n), c(n)) = 1,

(iii) ged(b(n),c(n+1)) =1.

for a function S(n) = with
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Recurrence of order 2

> By (4) we obtain

p(n)S(n+1)S(n)y(n) + a(n)S(n)y(n) + r(n)y(n) =0

and
p(n)S(n+1)S(n) + g(n)S(n) + r(n) = 0.
> Hence,
s a(n 1) a(n) c(n+2) aAm)cln+1) |
S P o B 1 B 1o e 1o A
and

Z2?p(n)a(n + 1)a(n)c(n + 2) + zq(n)b(n
+ r(n)b(n+




Choices for a(n) and b(n)

» Recall

Z?p(n)a(n+ 1)a(n)c(n +2) + zq(n)b(n + 1)a(n)c(n + 1)
+ r(n)b(n+ 1)b(n)c(n) = 0.

> Notice a(n) divides r(n).
» Similiarly b(n+ 1) divides p(n).

> Finitely many choices for a(n) and b(n).
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Choices for z

» Collect
2 PO o+ 1)c(n+2) + za(me(n + 1) + D bln)e(n) = 0
b(n+1) a(n) .

> Coefficient in front of highest power of n is zero.
» Obtain a quadratic equation in z.

> Let algorithm Poly find ¢(n).
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Algorithm Hyper

1. Let F be a field of characteristic zero and K an extension field of F.
Let pi(n) be polynomials over F for i =0,1,...,d.

2. For all monic factors a(n) of pg(n) and b(n) of py(n—d+1) over K
dofori=0,1,...,d

i—1 d—1
Pi(n) = pi(n) [ [ a(n +J) T ] b(n +1)
j=0 j=i

Let

m= OrglaS)(ddeg Pi(n)

and «; be the coefficient of n™ in P;(n) for i =0,1,...,d.
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Algorithm Hyper (2)

3. For all nonzero z € K with Z?:o a;jz' =0, if the recurrence

d
ZziPi(n)c(n +i)=0
i=0

has a nonzero polynomial solution ¢(n) over K then let

a(n) c(n+1)
b(n) c(n)

4. Return a nonzero solution y(n) of y(n+ 1) = S(n)y(n) and stop.

S(n)=1z

5. Return 0 and stop.
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