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The WZ method: The Algorithm

1. Suppose we want to show
ř

k tpn, kq “ RHSpnq.
2. If RHSpnq ı 0, look instead at f pnq :“

ř

k F pn, kq “ 1,
where F pn, kq “ tpn,kq

RHSpnq .

3. Find Rpn, kq, the certificate for the WZ method (see
later, steps 3.1 and 3.2) and define
G pn, kq :“ Rpn, kqF pn, kq.

4. Check that
D :“ F pn ` 1, kq ´ F pn, kq “ G pn, k ` 1q ´ G pn, kq
(mostly easily verifiable). Summing this equation over all
k and noting that the RHS telescopes to 0, we get
ř

k F pn ` 1, kq “
ř

k F pn, kq, i.e.
ř

k F pn, kq doesn’t
depend on n and is therefore constant.

5. Verify that this constant is indeed 1 by entering an
explicit value for n, e.g. check that

ř

k F p0, kq “ 1.



The WZ method: WZ pair

Definition
A pair pF pn, kq,G pn, kqq is called a WZ pair, if it fulfills

F pn ` 1, kq ´ F pn, kq “ G pn, k ` 1q ´ G pn, kq



The WZ method: Step 3: Find Rpn, kq

For the crucial Step 3 of the WZ method we use Gosper’s
algorithm in the following way:

3.1 Let Dpkq :“ F pn ` 1, kq ´ F pn, kq and input Dpkq into
Gosper’s algorithm. If Gosper fails, then the WZ method
fails as well.

3.2 Otherwise Gosper gives us a function gpkq such that
Dpkq “ gpk ` 1q ´ gpkq. Of course this g will also
contain a parameter n, so rename it to G pn, kq. This
G pn, kq is the WZ mate for F pn, kq. Furthermore
Gpn,kq
F pn,kq

:“ Rpn, kq is a rational function.



The WZ method: Do we have a problem?

As seen in a previous presentation: for every proper
hypergeometric term F pn, kq we always have a telescoping
certification of

ř

k F pn, kq “ const. as

J
ÿ

j“0

ajpnqF pn ` j , kq “ G pn, k ` 1q ´ G pn, kq

If we divide by the RHS (if RHS ‰ 0), then very often this
LHS just reduces to F pn ` 1, kq ´ F pn, kq.
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The WZ method is valid: Theorem

Theorem
Let pF ,G q be a WZ pair, i.e. s.t.
F pn ` 1, kq ´ F pn, kq “ G pn, k ` 1q ´ G pn, kq. Assume
(G1) @n P N : limkÑ˘8 G pn, kq “ 0
Then

ř

k F pn, kq “ const. @n P N, i.e. the certification
procedure is valid.



The WZ method is valid: Proof

Let ∆nhpnq :“ hpn ` 1q ´ hpnq.
Starting from the WZ equation and summing over
´L ď k ď K we get:

K
ÿ

k“´L

pF pn ` 1, kq ´ F pn, kqq “
K
ÿ

k“´L

pG pn, k ` 1q ´ G pn, kqq

But the summand on the LHS is just ∆npF pn, kqq and the
RHS telescopes to G pn,K ` 1q ´ G pn,´Lq. Therefore we get:

∆n

˜

K
ÿ

k“´L

F pn, kq

¸

“ G pn,K ` 1q ´ G pn,´Lq



The WZ method is valid: Proof

Now, taking the limits as K , LÑ `8 we get on the LHS
∆np

ř

k F pn, kqq “
ř

k F pn ` 1, kq ´
ř

k F pn, kq and on the
RHS, by (G1), we get 0. So overall:

ÿ

k

F pn ` 1, kq “
ÿ

k

F pn, kq

This means, that
ř

k F pn, kq is independent of n, i.e. it is
constant.
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Mathematica session: The WZ module



Example: Gauss’s 2F1 identity

For b P Z´ Y t0u or Repc ´ a ´ bq ą 0 we have:

2F1

„

a, b

c
; 1


“
Γpc ´ a ´ bqΓpcq

Γpc ´ aqΓpc ´ bq

By definition we can rewrite the LHS as:

2F1

„

a, b

c
; 1


“

`8
ÿ

k“0

paqkpbqk
pcqk

1k

k!

“

`8
ÿ

k“0

pa ` k ´ 1q!pb ` k ´ 1q!pc ´ 1q!
pa ´ 1q!pb ´ 1q!pc ` k ´ 1q!k!



Example: Gauss’s 2F1 identity
For b P Z´ Y t0u or Repc ´ a ´ bq ą 0 we have:

2F1

„

a, b

c
; 1


“
Γpc ´ a ´ bqΓpcq

Γpc ´ aqΓpc ´ bq

Now, the LHS we can rewrite as:
`8
ÿ

k“0

pa ` k ´ 1q!pb ` k ´ 1q!pc ´ 1q!
pa ´ 1q!pb ´ 1q!pc ` k ´ 1q!k!

Then, dividing this new LHS by the RHS and setting a “ n to
get an identity of the form

ř

k F pn, kq “ 1 we get:
`8
ÿ

k“0

pn ` k ´ 1q!pb ` k ´ 1q!pc ´ 1q!Γpc ´ nqΓpc ´ bq

pn ´ 1q!pb ´ 1q!pc ` k ´ 1q!k!Γpc ´ n ´ bqΓpcq

“

`8
ÿ

k“´1

pn ` kq!pb ` kq!pc ´ 1q!Γpc ´ nqΓpc ´ bq

pn ´ 1q!pb ´ 1q!pc ` kq!pk ` 1q!Γpc ´ n ´ bqΓpcq
!
“ 1



Example: Gauss’s 2F1 identity

`8
ÿ

k“´1

pn ` kq!pb ` kq!pc ´ 1q!Γpc ´ nqΓpc ´ bq

pn ´ 1q!pb ´ 1q!pc ` kq!pk ` 1q!Γpc ´ n ´ bqΓpcq
“ 1

This summand we can now enter in Mathematica:
f := ((n+k)!(b+k)!(c-1)!Gamma[c-n]Gamma[c-b])/
((n-1)!(b-1)!(c+k)!(k+1)!Gamma[c-n-b]Gamma[c]);
WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get out:
The rational function R(n,k) is -(1+k)(c+k)

(-1+c-n) n
The WZ mate G(n,k) is - (-1-b+c)!(b+k)!(-2+c-n)!(k+n)!

(-1+b)!k!(-1+c+k)!(-1-b+c-n)!n!



Example: Gauss’s 2F1 identity

We want to check that things worked correctly.

WZnew[f, n, k, FALSE, TRUE, -1, Infinity, -1,
Infinity];

And indeed we get out:
Check that (F,G) is a valid WZ pair (should give
0): 0
Check that RHS telescopes to 0 (should give 0):
0
Check that Sum(F(n,k))=1 (should give 1):1
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The companion identity: Theorem

Theorem
Let pF ,G q be a WZ pair, i.e. s.t.
F pn ` 1, kq ´ F pn, kq “ G pn, k ` 1q ´ G pn, kq. Assume
(F1) @k in the support of F pn, kq: fk :“ limnÑ`8 F pn, kq

exists and is finite
(G2) limLÑ`8

ř`8

n“0 G pn,´Lq “ 0

Then
ř`8

n“0 G pn, kq “
řk´1

j“´8pfj ´ F p0, jqq, which we call the
companion identity.



The companion identity: Proof

Let ∆nhpnq :“ hpn ` 1q ´ hpnq.
Starting from the WZ equation and summing over 0 ď n ď N
we get:

N
ÿ

n“0

pF pn ` 1, kq ´ F pn, kqq “
N
ÿ

n“0

pG pn, k ` 1q ´ G pn, kqq

But the LHS telscopes to F pN ` 1, kq ´ F p0, kq and the
summand on the RHS is just ∆kpG pn, kqq. Therefore we get:

F pN ` 1, kq ´ F p0, kq “ ∆k

˜

N
ÿ

n“0

G pn, kq

¸



The companion identity: Proof
Now, taking the limits as N Ñ `8 we get on the LHS, by
(F1) fk ´ F p0, kq and on the RHS ∆kp

ř`8

n“0 G pn, kqq. If we
then sum over ´L ď j ď k ´ 1 we get overall:

k´1
ÿ

j“´L

pfj ´ F p0, jqq “
k´1
ÿ

j“´L

∆j

˜

`8
ÿ

n“0

G pn, jq

¸

But switching the summation signs on the RHS we get
ř`8

n“0

řk´1
j“´LpG pn, j ` 1q ´ G pn, jqq “

ř`8

n“0pG pn, kq ´ G pn,´Lqq. Then taking the limits as
LÑ `8 we get on the LHS

řk´1
j“´8pfj ´ F p0, jqq and on the

RHS, by (G2), we get
ř`8

n“0 G pn, kq. So overall:

k´1
ÿ

j“´8

pfj ´ F p0, jqq “
`8
ÿ

n“0

G pn, kq



The companion identity: General version

Adapting the proof slightly (summing over l ď n ď N in the
beginning, instead of 0 ď n ď N), we also have the more
general companion identity

`8
ÿ

n“l

G pn, kq “
k´1
ÿ

j“´8

pfj ´ F pl , jqq



The companion identity: Example 1

Consider the identity
ř

k

`

n
k

˘2
“
`2n
n

˘

. By dividing through the
RHS we get F pn, kq “

`

n
k

˘2
{
`2n
n

˘

.

First, we enter this in Mathematica again to find Rpn, kq and
G pn, kq:

Rpn, kq “
´3n ` 2k ´ 1
2p2n ` 1q

, G pn, kq “
p´3n ` 2k ´ 1q

`

n
k

˘2

2p2n ` 1q
`2n
n

˘



The companion identity: Example 1
Using Stirling’s formula we get pF1q for F pn, kq “

`

n
k

˘2
{
`2n
n

˘

:

fk :“ lim
nÑ`8

F pn, kq “ ... “ 0

pG2q : lim
LÑ`8

`8
ÿ

n“0

G pn,´Lq “ lim
LÑ`8

`8
ÿ

n“0

´3n ´ 2L´ 1
2p2n ` 1q

`

n
´L

˘2

`2n
n

˘ “ 0

Note that F p0, kq “

#

1, if k “ 0
0, else

Therefore we get as companion identity
˜

`8
ÿ

n“0

G pn, kq “
k´1
ÿ

j“´8

pfj ´ F p0, jqq

¸

:

`8
ÿ

n“0

´3n ` 2k ´ 1
2p2n ` 1q

`

n
k

˘2

`2n
n

˘ “ ´1 ðñ
`8
ÿ

n“0

3n ´ 2k ` 1
2n ` 1

`

n
k

˘2

`2n
n

˘ “ 2



The companion identity: Example 1

`8
ÿ

n“0

3n ´ 2k ` 1
2p2n ` 1q

`

n
k

˘2

`2n
n

˘ “ 1

We can in fact check this new identity (note that we switch
the roles of n and k).
f := ((3k-2n+1) Binomial[k, n]ˆ 2)/(2(2k+1)
Binomial[2k, k]);
WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get:
The rational function R(n,k) is - 2(1+2k)(k-n)ˆ 2

(1+3k-2n)(1+n)ˆ 2
The WZ mate G(n,k) is -(k-n)ˆ 2 Binomial[k,n]]ˆ 2

(1+n)ˆ 2 Binomial[2k,k]



The companion identity: Example 1

Then to check it:
WZnew[f, n, k, FALSE, TRUE, n, Infinity, 1,
Infinity];

And after some computation time we are rewarded with:
Check that (F,G) is a valid WZ pair (should give
0): 0
Check that RHS telescopes to 0 (should give 0):
0
Check that Sum(F(n,k))=1 (should give 1):1



The companion identity: Example 2
Consider the following identity:

`8
ÿ

k“1

pn ´ iq!pn ´ jq!pi ´ 1q!pj ´ 1q!
pn ´ 1q!pk ´ 1q!pn ´ i ´ j ` kq!pi ´ kq!pj ´ kq!

“ 1

To have well-defined factorials, we get the constraints:

n ě maxti , j , 1u, 1 ď k ď minti , ju, n ` k ě i ` j (1)

Enter F pn, kq in Mathematica to find Rpn, kq and G pn, kq:
f := ((n-i)!(n-j)!(i-1)!(j-1)!)/
((n-1)!(k-1)!(n-i-j+k)!(i-k)!(j-k)!);
WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get out:
The rational function R(n,k) is -1+k

n
The WZ mate G(n,k) is (-1+i)!(-1+j)!(-i+n)!(-j+n)!

(i-k)!(j-k)!(-2+k)!n!(-i-j+k+n)!



The companion identity: Example 2

Then to check it:
WZnew[f, n, k, FALSE, TRUE, 1, Infinity, 1,
Infinity];

And we are indeed rewarded with:
Check that (F,G) is a valid WZ pair (should give
0): 0
Check that RHS telescopes to 0 (should give 0):
0
Check that Sum(F(n,k))=1 (should give 1):1



The companion identity: Example 2

Using Stirling’s formula we get pF1q for

F pn, kq “
pn ´ iq!pn ´ jq!pi ´ 1q!pj ´ 1q!

pn ´ 1q!pk ´ 1q!pn ´ i ´ j ` kq!pi ´ kq!pj ´ kq!

as fk :“ lim
nÑ`8

F pn, kq “ ... “

#

1, if k “ 1
0, if k ě 2

(G2): limLÑ`8

ř`8

n“0 G pn,´Lq

“ lim
LÑ`8

pi ´ 1q!pj ´ 1q!
p´L´ 2q!pi ` Lq!pj ` Lq!

`8
ÿ

n“0

pn ´ iq!pn ´ jq!

n!pn ´ i ´ j ´ Lq!
“ 0



The companion identity: Example 2

F pj , kq “
pj ´ iq!pi ´ 1q!

pk ´ 1q!pk ´ iq!pi ´ kq!pj ´ kq!
“

ˆ

j ´ i

j ´ k

˙ˆ

i ´ 1
i ´ k

˙

From constraint n ` k ě i ` j , for n “ j , we get k ě i . From
second binomial coefficient we need k ď i . So in total k “ i .

Therefore we get as companion identity (for l “ j):
˜

`8
ÿ

n“j

G pn, kq “
k´1
ÿ

k 1“´8

pfk 1 ´ F pj , k 1qq

¸

pi´1q!pj´1q!
pk´2q!pi´kq!pj´kq!

ř`8

n“j
pn´iq!pn´jq!
n!pn´i´j`kq!

“ 1´
řk´1

k 1“´8

`

j´i
j´k 1

˘`

i´1
i´k 1

˘



The companion identity: Example 2

pi´1q!pj´1q!
pk´2q!pi´kq!pj´kq!

ř`8

n“j
pn´iq!pn´jq!
n!pn´i´j`kq!

“ 1´
řk´1

k 1“´8

`

j´i
j´k 1

˘`

i´1
i´k 1

˘

For RHS: need 0 ď j ´ k 1 ď j ´ i and 0 ď i ´ k 1 ď i ´ 1, i.e.
j ě k 1 ě i and i ě k 1 ě 1, i.e. k 1 “ i . But the sum only goes
up to k ´ 1 “ i ´ 1. So the sum in the RHS is 0. Overall:

`8
ÿ

n“j

pn ´ iq!pn ´ jq!

n!pn ´ i ´ j ` kq!
“
pk ´ 2q!pi ´ kq!pj ´ kq!

pi ´ 1q!pj ´ 1q!

If we now write n ´ i ´ j ` k “ r in the sum on the LHS and
set i “ c ´ a, j “ c ´ b and k “ c ´ a ´ b ` 1, we get

`8
ÿ

r“0

pr ` a ´ 1q!pr ` b ´ 1q!
r !pr ` c ´ 1q!

“
pc ´ a ´ b ´ 1q!pb ´ 1q!pa ´ 1q!

pc ´ a ´ 1q!pc ´ b ´ 1q!

which is exactly Gauss’s 2F1 identity.
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