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The WZ method: The Algorithm

1. Suppose we want to show Y., t(n, k) = RHS(n).
2. If RHS(n) # 0, look instead at f(n) := >, F(n, k) =1,

where F(n, k) = Ff,gnsé?)

3. Find R(n, k), the certificate for the WZ method (see
later, steps 3.1 and 3.2) and define
G(n, k) :== R(n, k)F(n, k).

4. Check that
D:=F(n+1,k)— F(n k) =G(n k+1)— G(n, k)
(mostly easily verifiable). Summing this equation over all
k and noting that the RHS telescopes to 0, we get
S F(n+1,k)=>, F(n k), ie >, F(n, k) doesn't
depend on n and is therefore constant.

5. Verify that this constant is indeed 1 by entering an
explicit value for n, e.g. check that >, F(0, k) = 1.



The WZ method: WZ pair

Definition
A pair (F(n, k), G(n, k)) is called a WZ pair, if it fulfills

F(n+1,k)—F(n k)= G(n k+1)— G(n, k)



The WZ method: Step 3: Find R(n, k)

For the crucial Step 3 of the WZ method we use Gosper's
algorithm in the following way:

3.1 Let D(k) := F(n+ 1,k) — F(n, k) and input D(k) into
Gosper's algorithm. If Gosper fails, then the WZ method
fails as well.

3.2 Otherwise Gosper gives us a function g(k) such that
D(k) = g(k + 1) — g(k). Of course this g will also
contain a parameter n, so rename it to G(n, k). This
G(n, k) is the WZ mate for F(n, k). Furthermore

i((zg := R(n, k) is a rational function.




The WZ method: Do we have a problem?

As seen in a previous presentation: for every proper
hypergeometric term F(n, k) we always have a telescoping
certification of >, F(n, k) = const. as

J
Z F(n+j,k) = G(n k+1)— G(n, k)

If we divide by the RHS (if RHS # 0), then very often this
LHS just reduces to F(n+ 1, k) — F(n, k).
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The WZ method is valid: Theorem

Theorem

Let (F,G) be a WZ pair, i.e. s.t.

F(n+1,k)— F(n k) = G(n,k +1) — G(n, k). Assume
(G1) Vne N :limy10 G(n, k) =0

Then )., F(n, k) = const. Y¥n e N, i.e. the certification
procedure is valid.



The WZ method is valid: Proof

Let A,h(n) := h(n+ 1) — h(n).
Starting from the WZ equation and summing over
—L < k < K we get:

K K

DU(F(n+1,k) = F(n k) = > (G(n k+1) = G(n, k))

k=—L k=—L

But the summand on the LHS is just A,(F(n, k)) and the
RHS telescopes to G(n, K + 1) — G(n, —L). Therefore we get:

A, ( ZK: F(n, k)) =G(n,K+1)—G(n,—L)

k=—L



The WZ method is valid: Proof

Now, taking the limits as K, L — 400 we get on the LHS
A, F(n k) =2, F(n+1,k)—>, F(n k) and on the
RHS, by (G1), we get 0. So overall:

Y F(n+1,k) =) F(n k)

This means, that >, F(n, k) is independent of n, i.e. it is
constant.
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Mathematica session: The WZ module

(#WZ::usage=
"WZ[f,n,k] yields the WZ certificate of f[n,k]. Here the input f is an
expression, not a function. If verbose=TRUE, R(n,k) and G(n,k) are printed.
If check=TRUE, 3 checks are done and printed. For that the bounds of the
supports of F (sF, eF) and G (sG, eG) are needed.
R(n,k) and G(n,k) are returned as expressions."+)
WZnew[f_, n_, k_, verbose_, check_ , sG_, eG_, sF_, eF_] i=
Module([{df, r, g, WZcheck, TelCheck, ConstCheck},
df = (F /. {(n+n+1}) - F; («D(k)=F(n+l,k)-F(n,k)=)
(#*Input D(k) 1into Gosper's algorithm --> Output: g(k) s.t. g(k+1)-g(k)=D(k)*)
g = FactorialSimplify[GosperSum[df, k1];
r = FactorialSimplify[g/ f1; (*R(n,k)=G(n,k)/F(n,k)=)
If [verbose == TRUE,
Print["The rational function R(n,k) is ™, ri;
Print["The WZ mate G(n,k) is ", gl;
15
If [check == TRUE,
(+Need F(n+l,k)-F(n,k)=G(n,k+1)-G(n,k) for valid WZ pairs)
WZcheck = FactorialSimplify[(Ff /. {n=n+1})-F-(g /. {k+k+1}) +gl;
Print["Check that (F,G) is a valid WZ pair (should give 0): ", WZcheck];
(#Need RHS of WZ equation to telescope to ®. Then Sum(F(n,k)) is independent
of n, i.e. constants)
TelCheck = Sum[(g /. {k+k +1}) -g, {k, sG, eG}];
Print["Check that RHS telescopes to 0 (should give @): ", TelCheck];
(#Check that this constant is 1 by entering some value for n, e.g. n=1%)
ConstCheck = Sum[(f /. {n=1}), {k, SF, eF}]}
Print["Check that Sum(F(n,k))=1 (should give 1):", ConstCheck];
IH
{r, g} (*Return R(n,k) and G(n,k)=)
iH

DA



Example: Gauss's »F identity

For be Z_ u {0} or Re(c —a— b) > 0 we have:

2F1[a,b;1] _ T(c—a—b)(c)
Cc

[(c—a)l(c—b)

By definition we can rewrite the LHS as:

[ - 5 o

c = () K

a+k—1 N(b+ k—1)(c—1)!

M+

(a— D)I(b—1)l(c + k— 1)lk!



Example: Gauss's »F identity
For be Z_ u {0} or Re(c —a— b) > 0 we have:
a,b [(c—a—b)l(c)
2F1[ ¢’ 1] N [(c—a)l(c—b)
Now, the LHS we can rewrite as:

S (a+k—=1D(b+k—1)l(c—1)
2 (a—DI(b—1)l(c+ k —1)lk!

k=0
Then, dividing this new LHS by the RHS and setting a = n to
get an identity of the form )}, F(n, k) = 1 we get:

S (n+ k- (b+k—1)!(c—1DIT(c—n)(c—b)
(n=1b—DNc+ k—1)k!T(c—n—b)l(c)

M+

0

(n+ Kb+ k)l(c—1!T(c—nl(c—b)

(7= 116~ (e + Kk + DT (c —n—BF(e)

g

k=-1



Example: Gauss's »F identity

§F__{n+ Kb+ Kl(e = IN(e — (e = b)

(7= 1i(b— (e + Kk + DI (c —n—B)F(e)

k=-1

This summand we can now enter in Mathematica:

f := ((n+k)!'(b+k) ! (c-1) !'Gamma[c-n]Gamma[c-b])/
((n-1) 1 (b-1)'(c+k) ' (k+1) !Gamma[c-n-b] Gamma[c]) ;
WZnew([f, n, k, TRUE, FALSE, , , ,1;

And we get out:
The rational function R(n,k) is —Elﬁf)&
-1+c-n) n

. (-1-b+c) ! (b+k) ! (-2+c-n) ! (k+n) !
The WZ mate G(n,k) 18 T (-1+b) k! (-1+c+k) ! (-1-b+c-n) 'n!




Example: Gauss's »F identity

We want to check that things worked correctly.

WZnew[f, n, k, FALSE, TRUE, -1, Infinity, -1,
Infinity];

And indeed we get out:

Check that (F,G) is a valid WZ pair (should give
0): 0

Check that RHS telescopes to O (should give 0):
0

Check that Sum(F(n,k))=1 (should give 1):1
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The companion identity: Theorem

Theorem

Let (F,G) be a WZ pair, i.e. s.t.

F(n+1k)—F(n k)= G(n,k +1)— G(n, k). Assume
(F1) Yk in the support of F(n, k): fi :=lim,_ .o F(n, k)

exists and is finite

(G2) limg i 207 G(n,—L) =0

Then Y./ G(n, k) = Zf;ioo(f; — F(0,J)), which we call the
companion identity.



The companion identity: Proof

Let A,h(n) := h(n+ 1) — h(n).
Starting from the WZ equation and summing over 0 < n < N

we get:
N N
DIUF(n+1,k) — Z (n,k +1) = G(n, k))
n=0 n=0

But the LHS telscopes to F(N + 1, k) — F(0, k) and the
summand on the RHS is just A, (G(n, k)). Therefore we get:

F(N +1,k)— F(0,k) = Ay (ZNJ G(n, k))
n=0



The companion identity: Proof

Now, taking the limits as N — +o0 we get on the LHS, by
(F1) f, — F(0, k) and on the RHS A, (377 G(n, k)). If we
then sum over —L < j < k — 1 we get overaII

ki( — F(0 ZA(ZGM>

j=—L j=—L

But switching the summation signs on the RHS we get
Salo Xt (G(n,j+ 1) = G(n, ) =

> r(G(n, k) — G(n,—L)). Then taking the limits as

L — +o0 we get on the LHS Zj:ioo(f, — F(0,/)) and on the
RHS, by (G2), we get >."% G(n, k). So overall:

k—1 400

2, (= F(0.))) = ) G(nk)

Jj=— n=0



The companion identity: General version

Adapting the proof slightly (summing over / < n < N in the
beginning, instead of 0 < n < N), we also have the more
general companion identity

k—1

2, 6(nk) = (f—F(l.j))

j=—



The companion identity: Example 1

? = (®"). By dividing through the
(2n)'

First, we enter this in Mathematica again to find R(n, k) and
G(n, k):

Consider the identity >, (7)
RHS we get F(n, k) = (Z)z/

3n+2k—1 (=30 + 2k — 1)(1)°

Rin, k) = 2(2n + 1) Gl k) = 2(2n+1)(*)




The companion identity: Example 1
Using Stirling’s formula we get (F1) for F(n, k) = (] )2/(2”).

n

fo ;= lim F(nk)=..=0
n—+00

+00 n\2

_ —3n-2L-1(")

LETOOZ G m=h = LH»Toonz_;) 2(2n—|— 1) (an) =0
1, ifk=0
Note that F(0, k) = { !

0, else

Therefore we get as companion identity
+00 k—1
(S et 36 ro).
n=0 j=—00

& 3n+2k—1(0)° E3n—2k+1(0)?
D P rE R Ve s wa

n=0 n=0



The companion identity: Example 1

&H3n—2k+1(0)°
Z 2(2n+1) (*>) B

n=0

We can in fact check this new identity (note that we switch
the roles of n and k).

f := ((3k-2n+1) Binomiallk, n]~ 2)/(2(2k+1)
Binomial[2k, k]);

WZnew[f, n, k, TRUE, FALSE, , , ,];

And we get:
: . . 2(1+2K) (k-n)~ 2
The rational function R(n.,k) is -5 S Grm 3

: (k-n)~ 2 Binomiall[k,n]]" 2
The WZ mate G(n,k) is - (1+n)~ 2 Binomial [2k,k]




The companion identity: Example 1

Then to check it:
WZnew[f, n, k, FALSE, TRUE, n, Infinity, 1,
Infinity];

And after some computation time we are rewarded with:
Check that (F,G) is a valid WZ pair (should give
0): O

Check that RHS telescopes to 0 (should give 0):
0

Check that Sum(F(n,k))=1 (should give 1):1



The companion identity: Example 2
Consider the following identity:

= (n—N(n—NIGi—IG—1)!
2. (n— Dl k=Dl n—i—j+ k)i — kG =k

k=1

To have well-defined factorials, we get the constraints:
n=max{i,j,1}, 1< k<min{i,j}, n+k=i+; (1)

Enter F(n, k) in Mathematica to find R(n, k) and G(n, k):
£f = (@-D!'@PE-nrG-nn/

((n-1) ' (k-1) ' (n-i-j+R) ' (i-K) ' (G-K) 1) ;

WZnew([f, n, k, TRUE, FALSE, , , ,I;

And we get out:
The rational function R(n,k) is

. (-1+1) ' (-1+3) ' (-i+n) ! (-j+n) !
The WZ mate G(n,k) 1S 57y iceno nt Ciojrkmm

-1+k




The companion identity: Example 2

Then to check it:
WZnew[f, n, k, FALSE, TRUE, 1, Infinity, 1,
Infinity];

And we are indeed rewarded with:

Check that (F,G) is a valid WZ pair (should give
0): O

Check that RHS telescopes to 0 (should give 0):
0

Check that Sum(F(n,k))=1 (should give 1):1



The companion identity: Example 2

Using Stirling’s formula we get (F1) for

F(n,k)— (n_l> (n J) (I_l)l(/_]')|

(=Dl k=D n—i—j+ ki k! k)

1 ifk=1
fom lim F(nk)= .. =15
as fic:= lim F(n, k) {0 if k=2

Y

(G2): limp i 3075 G(n, —L)

) (I—l)' —1 n—1 )l
=T 2)(+L|(J+L'Zn|n—/ —j— L)

=0



The companion identity: Example 2

Fjk) = (j—i.)!(i.—l)! . _ _{'—I' I:—].

(k — 1)k —=D)Wi— k) —k)! —k)\i—k
From constraint n+ k > i + j, for n = j, we get k > i. From
second binomial coefficient we need k < /. So in total kK = I.

Therefore we get as companion identity (for / = j):

<Z_G<n, 0= (f—FG, k'>>>

(k (ZI 2 '(J 'Z/ k)! Z n=j n'nnl ll(r_;Jrjk)) 1- p —1—00 (Jj:kl’) (ii:lil/)




The companion identity: Example 2

(i—1)1(—1)! +oo (n=)!(n—j)! k—1 i—i\ (i—1
(k=2)1(i—K)I(j—k)! &dn=j n!(n—i—j+Jk)! =1- k'=—0o0 (J'J—k’) (i—k’)

ForRHS need 0<j— kK <j—iand0<i—k <i—1,ie.
>k'>iandi>k'>1,ie k' =i Butthe sum only goes
up to k—1=i—1. So the sum in the RHS is 0. Overall:

*2” (n=Nn—j)' _ (k=2)!(i = k)!(j — k)!
Zonl(n—i—j+ k) (i—DI(G—1)!

If we now write n — i — j + k = r in the sum on the LHS and
seti=c—a, j=c—bandk=c—a—b+1, we get

+ZO‘>(r+a—1)!(r+b—1)! _(c—a—b-1l(b—1)l(a—1)!

e r'(r+c—1)! B (c—a—1)l(c—b—-1)!

which is exactly Gauss's »F; identity.
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