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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersFree umulantsYoung diagram λ → Transition measure
→ Free umulants (Ri (λ))i≥2Proposition (Biane)Homogeneous Ri (x · λ) = x iRi (λ)Asymptotis χx ·λ(1 . . . k) ∼x→∞ Rk+1(λ)|x · λ|−k/2

λ

- x · λValentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersKerov's polynomialsIf µ ∈ S(k) ⊂ S(n) and λ ⊢ n, let
Σλ
µ = n(n − 1) . . . (n − k + 1) χλ(µ)

χλ(Idn)where χλ is the harater of the irreduible representation indexedby λ.
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersKerov's polynomialsIf µ ∈ S(k) ⊂ S(n) and λ ⊢ n, let
Σλ
µ = n(n − 1) . . . (n − k + 1) χλ(µ)

χλ(Idn)where χλ is the harater of the irreduible representation indexedby λ.Theorem (Existene of Kerov's polynomials, Kerov, Biane)Let k ≥ 1, there exists a universal polynomial Kk suh that :
Σλ

(1...k) = Kk (R2(λ), . . . ,Rk+1(λ))It does not depend on the diagram λ!Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersDesription of the oe�ientsAsymptotis property of free umulants implies :Proposition Kk = Rk+1 + lower degree termsMoreover :It has integer oe�ients.
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersDesription of the oe�ientsAsymptotis property of free umulants implies :Proposition Kk = Rk+1 + lower degree termsMoreover :It has integer oe�ients.We will sketh the proof of their positivity thanks to aombinatorial desription using permutations in S(k).
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersIrreduible representations of symmetri groupsThey are indexed by partitions λ ⊢ n, or equivalently by Youngdiagrams.Example
λ1 = 3;λ2 = λ3 = 2;
λ4 = 1;λ5 = . . . = 0,
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersIrreduible representations of symmetri groupsThey are indexed by partitions λ ⊢ n, or equivalently by Youngdiagrams.Other notation : λ = p× q.Example
λ1 = 3;λ2 = λ3 = 2;
λ4 = 1;λ5 = . . . = 0,
λ = (1, 2, 1) × (3, 2, 1)
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersMap of a pair of permutationspair of permutations 7→ biolored edge-labeled mapExample
τ = (14)(325), τ = (13)(254)

Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersMap of a pair of permutationspair of permutations 7→ biolored edge-labeled mapExample
τ = (14)(325), τ = (13)(254)
white verties ↔ yles of τblak verties ↔ yles of τValentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersMap of a pair of permutationspair of permutations 7→ biolored edge-labeled mapExample
τ = (14)(325), τ = (13)(254)

The edge labeled 1 links the two verties orresponding to ylesontaining 1. Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersMap of a pair of permutationspair of permutations 7→ biolored edge-labeled mapExample
τ = (14)(325), τ = (13)(254)

Same thing for the integers between 2 and k . The yli order ateah vertex is given by the orresponding yle.Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersMap of a pair of permutationspair of permutations 7→ biolored edge-labeled mapExample
τ = (14)(325), τ = (13)(254)

We an reover the pair of permutations from the map.Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersPower series assoiated to a biolored mapA olouring of the white verties of M is :
ϕ : Vw (M) → N

⋆
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersPower series assoiated to a biolored mapA olouring of the white verties of M is :
ϕ : Vw (M) → N

⋆We assoiate the following olouring of the blak verties :
ψ :

Vb(M) → N
⋆b 7→ maxw neighbour of b ϕ(w)
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersPower series assoiated to a biolored mapA olouring of the white verties of M is :
ϕ : Vw (M) → N

⋆We assoiate the following olouring of the blak verties :
ψ :

Vb(M) → N
⋆b 7→ maxw neighbour of b ϕ(w)Let de�ne the power series in indeterminates p and q :N(M) =

∑

ϕ olouring ofthe white verties  ∏w∈Vw (M)

pϕ(w)

∏b∈Vb(M)

qψ(b)
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersCombinatorial formulas for harater values and umulantsTheorem (Stanley, Féray, �niady)With these notations, the harater values is given by :
Σp×q
µ =

∑

τ,τ∈S(k)
τ ·τ=µ

(−1)|C(τ)|N(Mτ,τ )(p,q)
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersCombinatorial formulas for harater values and umulantsTheorem (Stanley, Féray, �niady)With these notations, the harater values is given by :
Σp×q
µ =

∑

τ,τ∈S(k)
τ ·τ=µ

(−1)|C(τ)|N(Mτ,τ )(p,q)From asymptoti property of umulants, we have :Rk+1(p× q) =
∑

τ,τ∈S(k)
τ ·τ=(1...k)

|C(τ)|+|C(τ)|=k+1(−1)|C(τ )|N(Mτ,τ )(p,q)
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IntrodutionCombinatoris of Kerov's polynomials Free umulants and Kerov's polynomialsCombinatorial formula for haratersCombinatorial formulas for harater values and umulantsTheorem (Stanley, Féray, �niady)With these notations, the harater values is given by :
Σp×q
µ =

∑

τ,τ∈S(k)
τ ·τ=µ

(−1)|C(τ)|N(Mτ,τ )(p,q)From asymptoti property of umulants, we have :Rk+1(p× q) =
∑

τ,τ∈S(k)
τ ·τ=(1...k)

|C(τ)|+|C(τ)|=k+1(−1)|C(τ )|N(Mτ,τ )(p,q)The fatorisation appearing in the seond equation are in bijetionwith NC (k) (non-rossing partitions of [k ]). They are exatly thepair of permutations whose map is a planar tree.Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIdeaReall that, as power series in p and q :
Σk = Kk(R2, . . . ,Rk+1)Replae Ri by their ombinatori expression and expand, we obtainsomething of the kind:

Σk =
∑

± series assoiated to forests
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIdeaReall that, as power series in p and q :
Σk = Kk(R2, . . . ,Rk+1)Replae Ri by their ombinatori expression and expand, we obtainsomething of the kind:

Σk =
∑

± series assoiated to forestsBut Σk =
∑

±Nτ,τ
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIdeaReall that, as power series in p and q :
Σk = Kk(R2, . . . ,Rk+1)Replae Ri by their ombinatori expression and expand, we obtainsomething of the kind:

Σk =
∑

± series assoiated to forestsBut Σk =
∑

±Nτ,τWe will write eah summand under the form :Nτ,τ =
∑

± series assoiated to forestsValentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationDesription on our favorite example
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationWe hoose a loop (here dotted)
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationCall erasable one edge over two of this loop
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationLet T~L(M) be the formal expression :
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationLet T~L(M) be the formal expression :
Proposition N(T~L(M)

)

= N(M)
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationLet T~L(M) be the formal expression :
Proposition N(T~L(M)

)

= N(M)Some hoies ofloops and erasable edges −→
Some way to writeN(M) as ∑N(forest)Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsElementary transformationLet T~L(M) be the formal expression :
Proposition N(T~L(M)

)

= N(M)Di�erent hoies ofloops and erasable edges −→
Maybe di�erent ways to writeN(M) as ∑N(forest)Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :

Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :1 Add an external half-edge of blakextremity to onneted omponentswhih do not have one (after the edgeof smallest label) and draw it on topon the map.
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :1 Add an external half-edge to onnetedomponents whih do not have one.2 In any onneted omponent, hoosean admissible oriented loop : a loopgoing through ⋆ oriented from left toright if there is some.
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :1 Add an external half-edge to onnetedomponents whih do not have one.2 In any onneted omponent, hoosean admissible oriented loop.3 Selet the edges whih are orientedfrom their white extremity to theirblak extremity in ~L.
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :1 Add an external half-edge to onnetedomponents whih do not have one.2 In any onneted omponent, hoosean admissible oriented loop : if there isno loop going through ⋆, take anadmissible oriented loop of one of theMi .3 Selet the edges whih are orientedfrom white to blak in ~L.
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsRestrition of hoiesTo obtain a partiular deomposition, we will speify some hoies :1 Add an external half-edge to onnetedomponents whih do not have one.2 In any onneted omponent, hoosean admissible oriented loop.3 Selet the edges whih are orientedfrom white to blak in ~L.If we iterate transformations with suh hoies of erasable edges,we obtain an algebrai sum of forests, whose assoiated polynomialis equal to N(M). Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsInvariane of the resultThere is still some hoies to do, but :PropositionIf we follow the rules above, we always obtain the same sum offorests whih we will denote D(M).
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsInvariane of the resultThere is still some hoies to do, but :PropositionIf we follow the rules above, we always obtain the same sum offorests whih we will denote D(M).Example
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsProperties of our deompositionAs we iterate N−invariant transformations :Proposition N(D(M)) = N(M)
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsProperties of our deompositionAs we iterate N−invariant transformations :Proposition N(D(M)) = N(M)Thanks to our hoie of loops, one has :PropositionThe sign of the oe�ient of M ′ in (−1)# .. of MD(M) is
(−1)# .. of M′
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsBak to Kerov's polynomialsReall :
Σk =

∑

τ,τ∈S(k)
τ ·τ=(1...k)

(−1)|C(τ )|N(Mτ,τ )
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsBak to Kerov's polynomialsReall :
Σk =

∑

τ,τ∈S(k)
τ ·τ=(1...k)

(−1)|C(τ )|N(Mτ,τ )Replae eah term N(M) by N(D(M)), we have something like :
Σk =

∑

±N(forests)
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsBak to Kerov's polynomialsReall :
Σk =

∑

τ,τ∈S(k)
τ ·τ=(1...k)

(−1)|C(τ )|N(Mτ,τ )Replae eah term N(M) by N(D(M)), we have something like :
Σk =

∑

±N(forests)To understand Kerov's polynomial we have to put terms togetherand make appear free umulants.
Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsOrder on the symmetri groupDe�nition
|σ|

def
:= min{h s.t. ∃ transpositions τ1, . . . , τhwith σ = τ1 · τ2 · . . . · τh}
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsOrder on the symmetri groupDe�nition
|σ|

def
:= min{h s.t. ∃ transpositions τ1, . . . , τhwith σ = τ1 · τ2 · . . . · τh}

σ ≤ σ′
def
⇔ |σ′| = |σ| + |σ′−1σ|

Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsOrder on the symmetri groupDe�nition
|σ|

def
:= min{h s.t. ∃ transpositions τ1, . . . , τhwith σ = τ1 · τ2 · . . . · τh}

σ ≤ σ′
def
⇔ |σ′| = |σ| + |σ′−1σ|PropositionIf σ ≤ σ′ and σ−1σ′ = 1 · . . . · t (deomposition in yles ofdisjoint supports),

[σ;σ′] ≃ [idk ;σ−1σ′] ≃ ∏

[e; i ] ≃ ∏NC (|i | + 1)Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIntervals and umulantsLet φ be an isomorphism :
[σ;σ′] ≃

∏NC (|i | + 1)If τ ∈ [σ;σ′], denote : Nφ(τ) = N(Mφ(τ))
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIntervals and umulantsLet φ be an isomorphism :
[σ;σ′] ≃

∏NC (|i | + 1)If τ ∈ [σ;σ′], denote : Nφ(τ) = N(Mφ(τ))Then
∑

τ∈S(k)

Nφ(τ) =
∏R|i |+2
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsIntervals and umulantsLet φ be an isomorphism :
[σ;σ′] ≃

∏NC (|i | + 1)If τ ∈ [σ;σ′], denote : Nφ(τ) = N(Mφ(τ))Then
∑

τ∈S(k)

Nφ(τ) =
∏R|i |+2If we hoose well φ, Nφ(τ) appears in N(D(M)). So intervals are agood tool to make appear produts of free umulants in Σk .Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsMain theoremWith an appropriate family of isomorphisms φ, we prove :TheoremIf µ ∈ S(k), let
Σ′
µ

def
:=

∑

τ,τ∈S(k)
τ ·τ=µ

<τ,τ> trans.(−1)|C(τ)|+|C(µ)|−1N(Mτ,τ )then there exists a polynomial with non-negative integeroe�ients suh that :
Σ′
µ = K ′

µ(R2, . . . ,Rk )The ase |C (µ)| = 1 is the result we laimed for lassial Kerov'spolynomial. Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsComputation of oe�ientsPropositionThe oe�ient of monomial t
∏i=1Rji+1 in K ′

µ is the oe�ient of thedisjoint union of t trees with one blak and respetively j1, . . . , jtwhite verties in
∑

τ,τ∈S(k)
ττ=σ,<τ,τ>trans.

|C(τ)|=t D(Mτ,τ ).
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsComputation of oe�ientsPropositionThe oe�ient of monomial t
∏i=1Rji+1 in K ′

µ is the oe�ient of thedisjoint union of t trees with one blak and respetively j1, . . . , jtwhite verties in
∑

τ,τ∈S(k)
ττ=σ,<τ,τ>trans.

|C(τ)|=t D(Mτ,τ ).CorollaryThe oe�ient of the linear monomial Rd in Kk is the number ofyles σ ∈ S(k) suh that σ−1(12 . . . k) has d − 1 yles.Valentin Féray Combinatorial interpretation of Kerov's polynomials



IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsComputation of oe�ients
CorollaryThe oe�ient of the linear monomial Rd in Kk is the number ofyles σ ∈ S(k) suh that σ−1(12 . . . k) has d − 1 yles.Proof.If |C (τ)| = 1, the map M = Mτ,τ has one blak vertex, so D(M) isa tree with one blak vertex and as many white verties as M.
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IntrodutionCombinatoris of Kerov's polynomials Deomposition of maps in forestsIntervals and umulantsEnd
Thank you!

Valentin Féray Combinatorial interpretation of Kerov's polynomials


	Introduction
	Free cumulants and Kerov's polynomials
	Combinatorial formula for characters

	Combinatorics of Kerov's polynomials
	Decomposition of maps in forests
	Intervals and cumulants


