Quasi-symmetric functions as polynomials on
Young diagrams
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The main problem

Motivation : smooth functions on Young diagrams Multirectangular coordinates

»»»»» The multirectangular coordinates are related to interlacing coordinates by the
N ~N (Kerov following changes of variables: for all z < m,
N CINGEE interlacing [ Pi = Tai1 — @2
vy TN coordinates) L qi = T2 — L2441
12 3 4 5 ps— -3 @50 | w4 so that the p; and q; read on a Young diagram as
ry = —1 13 =2
One can allow two coordinates to be equal but in that case, there are (infinitely) ps
many encodings of the same diagram. A function f on the x; satisfies (1) iff it P2
takes the same value on all these encodings. ol
qs 492 qi
Motivating example: the normalized irreducible character value of the symmetric .
group X — X*(7) on a fixed permutation w € S}, is (up to a multiplicative
constant) such a smooth function on Young diagrams. Consider a bipartite graph G:

h i J
A virtual alphabet

Notation: M monomial basis of QQSym; S; set of generators of Sym. !
Let X be the virtual alphabet defined by Then define
— ey Fo(xq1, x ...):Zmew Tp Li Ll
o1(XA) = 3 Mi(X)S7(A) = [] ou(A) Y, 2 G122 00) = ), BB TR T
I i>1 f<ing
where 0,,(A) = 1 + ;81 + 2255 + 383 + . .. N, (pl D2 - - ) = peprandia;
For example, N qz--- e<h,i.j
f<ing

Mgy(X) = —azf + x5 — b + b — ...

) The F¢ functions have been studied by Stanley, Gessel (gf of P-partitions).
k i+j
Mpn(X) =) x5+ > (=1)"alax!

Second result: duplicating alphabets

1<J
The M;(X) indeed remain the same when one puts Tj11 = . When expressed on the x;, the functions N¢ satisfy (1).
Furthermore, for any bipartite graph GG with vertex set V= V, L V,
First result: solution to (1) in the commutative framework _—
1 P2 o oo — (_ |VB|
A function f satisfies the functional equation (1) if and only if f € QSym (X). Ne <q1 qs . - ) ()R g (Fa(X)),

Linke with other results where ®,_,, , consists in expressing a function of the x; on the p; and g;.

— The expression of N¢g (on two alphabets) is entirely encoded in the
expression of Fg (on only one alphabet).

m Natural generalization of the algebra of polynomial functions on Young diagrams
considered by Kerov and Olshanski (which corresponds to Sym (X)).

m Also extends a result of Stembridge. On characters and INg functions

m Stembridge’s problem: find solutions of (1) which are in addition symmetric in the
odd-indexed variables and separately in the even-indexed variables.
m Stembridge'’s solution: symmetric functions evaluated on X.

m Normalized characters write combinatorially in terms of Ng.
m The Ng¢ span linearly @Sym (X), but are not in Sym (X).
m Hope: our result could help to manipulate expressions in terms of Ng. ..

Noncommutative generalization: Solve (1) when f (written P) is now a noncommutative polynomial

WQSym and a virtual alphabet Third result: solution to (1) in the noncommutative framework

Notation: P, monomial basis of WQSym, indexed by packed words. A noncommutative polynomial P satisfies (1) if and only if P € WQSym(A).

We define P, (A) as : On virtual alphabets for WQSym

mif u is nondecreasing, P,(A) is the noncommutative analogue of Meyai(x)(X),
where xy, is replaced by ay and all letters in any monomial of P,(A) are in
nondecreasing order.

m There is no formula analog to (2) to define P,(A) ;

mlt is therefore surprising that such a simple definition of P, (A) works.

mthe functional equation (1) helps proving that F' — F'(A) defines an algebra

ex: Priz(A) = Z Ayt Z(_l)Zﬂaia’iaﬁ morhpism!
1 1<
m For other u, define P, by an action of the symmetric group. Fourth result: a combinatorial by-product
ex: Pia1(A) = Z agm + Z(—l)i+jaiajai Let K be the smallest two-sided ideal of W Q) Sym containing P; and whose
0 i<j homogeneous components KK,, are stable by the action of S,,. Then the
is obtained by swapping the second and third letter in each monomial of dimension of K, is the number of set-compositions of {1, ..., n} with an odd
Pi12(A). number of parts.
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