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Part 1: Definitions

k-partial permutations Type of a k-partial permutation

A partition p of k is a decreasing list of positive
integers (p1, po, -+, pr) that sum up to k. Let
w € B be written as a product of disjoint cycles
and p be a partition of k. Consider the collection
of cycles Cf, ..., C} such that (' contains p; ele-
ments of a certain fixed k-tuple px (i), Cs contains
py elements pi(i), etc. Now add the part m to
w(p) if m is the number of k-tuples that form
the cycles (1, ..., ;. We define type(w) to be
the family of partitions (w(p)) -

If i, k € N*, the k-tuple pg(7) is the following set of size k :
pr(t) ={(—Dk+1,(t—1Dk+2,--- ik}
It d = U_,prla;), where a; € N* for any 1 < ¢ < r, we
define BY to be the following group of permutations:
lwe & | VI<i<rdl <j<rwpkla)) =prla))},

where &y is the group of permutations of the set d.

A k-partial permutation of n € N is a pair (d, w) where

d C [kn] is a disjoint union of some k-tuples and w € BS.
Pr will denote the set of all k-partial permutations of n.
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Example

Consider the 3-partial permutation
(d,w), where d = p3(1) U p3(2) U

p3(4) U p3(6) and

(12 3|456]|101112]1617 18
W=1121011456[161817| 1 2 3 )

Its cycle decomposition is
(1,12,17,2,10,16)(3, 11, 18)(4)(5)(6)
and its type is formed by

w(2,1) = (3) and w(1°) = (1).

Part 2: The algebra of k-partial permutations

The algebra of k-partial permutations

The product in Py is defined by (di,w;)(do, ws) = (dy U
ds, wiwo), where the composition wiws is made after extending
both w; and wy by identity to dy U da. Let Z' be the algebra
over C generated by the following formal sums indexed by fam-

ilies of partitions A = (A(p)) -k With |A] := 3k |Alp)] < n

CA;n .= Z (d, w),
(dw)
where the sum is taken over all (d,w) € Pr such that |d| =
kIA| and type(w) = A.

Homomorphism

There
phism between the algebras ZF and
Z(C[By 1), the center of the group al-
gebra C[BY ], defined by

= (" iy

where A, is the family of partitions
A except that A(1%) is replaced by
A1)y U (17 1A,

is a surjective homomor-

A m A 6,

A universal algebra

Let P be the group of all the k-partial permu-
tations with a finite support and Z% the alge-
bra generated by the following elements Cy =
> (dw)(d,w), indexed by families of partitions,
where the sum runs over all (d,w) € P~ such
that d is a union of |A| k-tuples and w has type
A. The projection homomorphism from Z* to
7 is defined by Proj, (C,) = 0 if |A| > n and
if |[A] < n, Proj,(Cy) = Cypu.

Part 3: Structure coefficients of the center of 3} algebra

Structure coefficients c;

A family of partitions A is called proper if the partition A(1%)
does not have any part equal to one. Let A and A be two
proper families of partitions with |A|, |A] < n. In the algebra
7% | we can write

C\Ca =Y ciACr,
I’

where the sum runs over the families of partitions 1" satisfying
max(|A[, |A]) < |T'| < |A| + |A| and ¢}, are non-negative
integers independent of n. If we apply o Proj,, to this equality

we get the following identity in the center of the group BY,

algebra:
1 0a =5 1 T T

The above sum can be turned into a sum over proper families

r .
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Polynomiality Property

Theorem

Let A,A and I' be three proper families of partitions satistying
max(|A], |A]) < || < |A| + |A|. For any integer n > |I'| we have

n—|I’

r, o | Dy (10— ‘F‘

CAA, = CAA :
r=1 r

£|F|+r

where ¢,y " are non-negative integers independent of n.

Corollary

Let A,A and I' be three proper families of partitions satistying

max(|A[, [A]) < || < |A| + |Al. The structure coefficient ¢y 4 is a poly-

—n—n

nomial in n with non-negative integer coefficients and of degree at most

of partitions.

A+ A =T,

Part 4: An example for k = 2

The elements generating Z2_ are indexed by families of partitions A = (A(1%), A(2)). For instance,

Cl(1),(2)) is the set of all 2-partial permutations with type ((1), (2)) and

({3,4,7,8,9,10}, (3,7,4,8)(9)(10)) € Cy11).(2)). In Z% -

Ci0.0C).0) = 2C),0) + 2C(2),1)) and Cy 2))Co,2)) = 2C(12)0) + 2C 0, 12)) + 2C 9 (22)) + 3C(3).0)-

The above red coeflicient is due to the fact that there are only two pairs (z,y) € C((1)9) X C((1),1)) that
satisfy xy = ({1,2,3,4};(1)(2)(3,4)). Namely (x,y) can be

({125 (1)2)), ({1,2,3,4} (1D2)3,49)) ) or (({3,4}: (3)(4), ({1,2,3,4}: (1)(2)(3,4)) ).

Apply now 1 o Proj,, for the above two equations to get the following equations in Z(C[B53,]) :

Cram.nCiam),0)) = Can) ) for any n > 3

and for any n > 5

C(1n2),2)C1m2),2)) = nn — 1)Cyam p) + 2C (102 (12)) + 2C (104 (22)) + 3C (113 3) ).

The first equation comes with no surprise since Cy(1n) g is the identity class.
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