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l. g-analogues in several contexts

e W. A. Al-Salam, Chihara Convolutions of orthonormal polynomials,
SIAM Journal on Mathematical Analysis 7 (1) 16-28, Theodore Seio
(1976)

e A.M. Garsia, J. Remmel, A combinatorial interpretation of
g-derangement and g-Laguerre numbers, European J. Combin. 1
(1980) 47-59.

¢ |.M. Gessel, A g-analog of the exponential formula, Discrete Math.
306 (2006), 1022-1031.

e |.M. Gessel, Generalized rook polynomials and orthogonal
polynomials, in: D. Stanton, ed., g-Series and Partitions (Springer,
Berlin, 1989) 154-176.
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g-analog

g-analogofA — A as q — 1

e g-analogofn € N

n_
lim &1
=1 gq—1

= lim(1+94+9®>+---+q" ) =n
q—1

e g-number [n]q = % =30_1g¢ 1 [0]q=0
e g-factorial [n]q! = [Tx_;[Klq, [Olq!=1

o N !
* g-binomial coefficients (i), = %ﬁqk]q.

O g-analogs are most frequently studied in the mathematical
fields of combinatorics, orthogonal polynomials and special
functions.



g-analog in combinatorics

e n! counts the number of permutations of length n.

e [n]q! counts permutations while keeping track of the number
of inversions:

[n]q! _ Z qinv(w).

WESH

. [E]q counts the number of k-dimensional subspaces of the
n-dimensional vector space over the g-element field.



e Explicit formula:

n
Pn(X) = Z pn’kxk
k=0

(O B <= <

3

Q>



g-analog in orthogonal polynomials

e Explicit formula:
n
Pn(x) = Z pn,kxk
k=0
e Recurrence relation:

Pn(X) = (AnX + Bn)Pn_1(X) + ChPn_2(x)



g-analog in orthogonal polynomials

e Explicit formula:
n
Pn(x) = Z pn,kxk
k=0
e Recurrence relation:
Pn(X) = (AnX + Bn)Pn_1(x) + ChPn_2(x)

e Generating functions:

P(x,t) = iPn(x);—nl, or P(x,t)= i Pn(x)t"
n=0 ' n=0



Example: Laguerre polynomials

Laguerre polynomials Lf{l)(x) are solutions of
xy” + (a+1—x)y’ +ny =0.



Example: Laguerre polynomials

Laguerre polynomials Lf{l)(x) are solutions of
xy” + (a+1—x)y’ +ny =0.
e Explicit formula

(1) Lg@(x)_%(_l)”kz_i(EjLZ)xk, aeR
« a—+ 1), n — k
@) L) =l N ) k;(((lf)lk)tk!, (A =a@a+1)---(a+k—1).

e Recurrence relation
L(a)

W (%) = (x = (20 + o+ D)LY (x) = n(n + a)L 7 (x)
e Generating function

S U005 = e
nI 1+t)a+1



Connection with rook polynomials

e The rook polynomial for a board B C [n + a] x [n] where
a € Ng and n € N is defined by

n

Re(X) =Y (—1)*rx"*

k=0

where r, denotes the number of all placements of k
non-attacking rooks on B.



Connection with rook polynomials

e The rook polynomial for a board B C [n + a] x [n] where
a € Ng and n € N is defined by

n

Re(X) =Y (—1)*rx"*

k=0

where r, denotes the number of all placements of k
non-attacking rooks on B.

If B is an (n + «) x n complete board, then Rg(x) = Lﬁa)(x).



g-analog of the explicit formula

e Garsia and Remmel in 1980

() k(k+a) Ng! [N+ ] i
Ln"(xla) Zq Klo! [k +a "

L (x|q) — (1)L (—x) when q — 1.



g-analog of the explicit formula

e Garsia and Remmel in 1980

(@) kk+oy[Nla! [N+ ] i
o Zq [k]q! K+« qX

L (x|q) = (—1)"L{ (—x) when g — 1.

e Moak in 1981

(@)(y. gy _ (@*FQ)n - (q_“;q)kq(;)(l_q)k(qn+a+1x)k
Ly ’(x;q) = (g; d)n = (qa“:CI)k(q;q)k

where (a;q), = (1 —a)(1 —aq)--- (1 —aq"?1).
L (x:q) — LY (x) when g — 1.



g-analog of the recurrence relation

e Kasraoui, Stanton and Zeng in 2011

Ln(X,y:q) = (%)nQn <(q — 1;);? 1 %7\Fyqlq>

Re-scaling Al-Salam-Chihara polynomials
Qn(x) := Qn(x; a,blg) obtained from the g-analog of the
recurrence relation:

Qni+1(x) = (2x — (a+b)a")Qn(x) — (1 —q")(1 — abg"~*)Qn_1 ()

where Qo(x) =1 and Q1(x) = 2x — (a+ b).
La(X,y:q) — L) (x) whena =0,y = 1and q — 1.
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g-analog of the generating function?

[0 One of the fundamental concepts in combinatorics is
enumeration problems, and one of the basic techniques for
dealing with the enumeration is generating functions.

O A GF f is a representation of a counting function N : N — N
as an element f(N) of some algebra.



g-analog of the generating function?

[0 One of the fundamental concepts in combinatorics is
enumeration problems, and one of the basic techniques for
dealing with the enumeration is generating functions.

O A GF f is a representation of a counting function N : N — N
as an element f(N) of some algebra.

[0 Several types in specific enumeration problems:

Ordinary GF

@ Exponential GF

@ Eulerian GF

@ Doubly-exponential GF
°

°

Chromatic GF
Lambert GF



Eulerian generating function

The g-analog of exponential GF Y2, an;—"! of the form

[e.e]

tn
2o,

n=0

is called the the Eulerian generating functions for (an)n>o.



Eulerian generating function

The g-analog of exponential GF Y2, an;—"! of the form

[e.e]

tn

is called the the Eulerian generating functions for (an)n>o.

e g-analog of et

Z [n]l

n>0

e g-analog of In(1 +t)

Ing(1+1) = 3 (-1t b

>0 [n]'q



Il. g-analog of Riordan arrays

e G.-S. Cheon, J.-H. Jung, Some combinatorial applications of the
g-Riordan matrix, Linear Algebra Appl., 482 (2015), 241-260.

e G.-S. Cheon, J.-H. Jung, Y. Lim, A g-analogue of the Riordan group,
Linear Algebra Appl., 439 (2013), 4119-4129.



Motivation

e Matrix representation of polynomial sequence
Let (Pn(X))n>0 where Pp(x) = S"1_o PnkXk.

[ Po(x) ] [ Po,o
P1(x) P1o P11 @)
P2(x) P20 P21 P22

Pn,n

Pn(x) Pro Pni Pn2




Motivation
e Matrix representation of polynomial sequence
Let (Pn(X))n>0 where Pp(x) = S"1_o PnkXk.

[ Po(x) ] [ Po,o 17 1
P1(x) Pio P11 @) X
P2(x) P20 P21 P22 x2
Pn(x) Pno Pna1i Pn2 Pn,n x"

A (Pn(Xx))n>0 is said to be a Sheffer for a pair (g, f) if there exist
analytic functions g(t) and f(t) with g(0) = 1 and f(0) = 0 and

£(0) = 1 sit.

e n
S Pa(x)= = g(t)e ).
= n!

If (Pn(X))n>0 is a Sheffer sequence then L := [p, k|n k>0 can be
expressed in terms of g(t) and f(t).



Example of Sheffer sequences

Recall
1 t
Ly O‘) S PN v
Z nl (1_|_t)a+1e "

e Laguerre polynomials LY (x) is a Sheffer for (W, 1L+t>
e Hermite polynomials Hy(x) is a Sheffer for ( 12 , 2t>
e Bernoulli polynomials B(x) is a Sheffer for ( ; 1,t)

e Euler polynomials E(x) is a Sheffer for ( tJrl,t)



What is a Riordan array?

e Riordan arrays (L. Shapiro et. al, 1991)
k[[t]]:=the ring of f.p.s. of the form

f(t) =fo+fit +t2+ ... (f € &, integral domain).

Let L = [/y x]n k>0 be an infinite lower triangular matrix. The L is
called a Riordan array for (g, f), denoted L = (g, f) if there exist
g=1+0g1t +got?+--- andf =t +ft> + - € s[[t]] s.t.

K= lyt", k=0,1,....

n>k

L is called a exponential Riordan array for (g, f), denoted

L=(9g,f)e if
o —Z nk_'



e Pascal matrix )
_t
1-—t ’

. k
Since Yok (" = e = 150

/N

1
11
1 t 1 21
P:(l——t’l——t): 1 3 31
1 46 41
«0)>» «4F)>» «=)r» «E)» = Q>



Examples

e Pascal matrix y
. n tk 1 t
Since 3ok (" = [ L M <l_—t> ,

M1
11
1t 121
P:(m,m): 1 3 31
1 4 6 4
e Stirling matrix of 2nd kind
. n t_lk
Since Y5 S(n, k)& = (€17
M1
1 1
. 1 3 1
S=(Le-1),=11 7 6 1
1 15 25 10




g-analog of Riordan arrays

e Let £4(n) be the set of the Eulerian generating functions:

tn tl’H—l tn+2

B TR T TR e ) T

[n]'q =1



g-analog of Riordan arrays

e Let £4(n) be the set of the Eulerian generating functions:

" th+t tn+2
anm +an+1m +an+2m +.--, ap,=1.
e g-calculus
@ qg-derivative

@ kth symbolic power
Dqfl(t) = [kloffU(t)Dgf (1), (1) =1
@ (g-composition
fln ]

(9oq F)(t) = glf ()] = > gn—rri—~ [n], ) Zgn[n],.

n>0 n>0



g-Riordan array

Definition (C & Jung, 2013)

An i.l.t matrix L = (45 x(d))n k>0 is called a g-Riordan array
denoted L = (g, f)q if there exit g € £;(0) and f € £4(1) s.t

n K]
S @) = )Y € g4k,

=T nlq [k]'q




g-Riordan array

Definition (C & Jung, 2013)

An i.l.t matrix L = (45 x(d))n k>0 is called a g-Riordan array
denoted L = (g, f)q if there exit g € £;(0) and f € £4(1) s.t

n K]
S @) = )Y € g4k,

= nlg k]lg — 7 °

Note that if g = O then L = (g, f)q is usual Riordan array, and if
q — 1lthen L = (g,f)q is the exponential Riordan array.

>



g-Riordan array

Definition (C & Jung, 2013)

An i.l.t matrix L = (45 x(d))n k>0 is called a g-Riordan array
denoted L = (g, f)q if there exit g € £;(0) and f € £4(1) s.t

o fK()
Zﬁn,k(Q)E = g(t)m € &q(k).

n>k

Note that if g = O then L = (g, f)q is usual Riordan array, and if
q — 1lthen L = (g,f)q is the exponential Riordan array.

o L= (eq(t),t)g = [[L‘]q] is a g-Riordan matrix:

1

1 1

1 1+q 1

1 1+qg+09? 1+q9+9? 1
1

1+49+9°+09® 1+9+93)(1+9?) 1+qg+092+q® 1

o



Combinatorial interpretation of g-Riordan array

Set partitions

® 1, := the family of all k-partitions = = {B1,..., By} of (n)
where the elements of each block are written in increasing
order and min B; < ... < min By.



Combinatorial interpretation of g-Riordan array

Set partitions

® [, := the family of all k-partitions = = {B1, ..., By} of (n)
where the elements of each block are written in increasing
order and min B; < ... < min By.

@ inv(r) := the number of inversions of 7 in which all the
braces of 7 are ignored and the elements are treated as a
linear array with preserving the order.

o If r = {{1,3},{2,6},{4,5}} € Mg then
inv(r) = inv(132645) = 3.



Combinatorial interpretation of g-Riordan array

Theorem (C & Jung, 2013)

Let (G,F)q = [ank(Q)]nk>0 be a g-Riordan array where
G = n209(Nqi; € &(0) and F =37 f(n)qp € Eq(1) for some
counting functions g and f. Then

ank(q) = > g(IB1 = 1)f(IB2]) - f(1Bisa )™

{B1;---,Bk+1}E€Mny1 k41




e Gessel, 1982
M)
Let ol =

Ynzk ek X F(t) = o o Then
n—1

n-1
Cn,k = Z |: .
j=k—1 l

] fi—iCik-1Co0=1, o =0( = 1).
q

<O» B> <>

<
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Sketch of Proof

o Gessel, 1982

flkl
Let [k](|t S ok an[n]| for f(t) = 351 o [n]l Then
n—-1

n—1 .
Chk = Z |: :|fn iCik— 1Coo—1 CJ()—O(]Z:L)
j=k—1 q

e Since ank(q) = Zj”:k ['j‘]qgn_j Cj x, We obtain recursively:

_ B R B P
%*M)_mm22m<n<hlqhkl}q { i L)gm IF(k = jk—1) - - f(ja)-

elLetm = {B1,...,Bxs1} € Mny1 k1 Where |Bi| = bi. Then

n N—T.HP—T _ inv(a)

mE€Mn1 k41

e By some substitution, we obtain desired one.



If (1,F)q = [Bnk(@)lnk=0 Where F = 3. f(n)3r then

Bn,k(Q) = Z

f(1Ba])- - f(|Bx[)g"™™
7Tz{Blz“'aBk}el_ln,k
with £ o(q) = 1 and Bn0(q) =0forn > 1.

« 0O

Q>



ﬂn,k(Q) = Z

f(1Ba])- - f(|Bx[)g"™™
7Tz{Bl:“'aBk}el_ln,k
with £ o(q) = 1 and Bn0(q) =0forn > 1.

What happens if f(n) = 1 for all n > 1?

If (1,F)q = [Bnk(q)]nk>0 Where F = Zn21f(n)% then

« 0O

Q>




Example: g-Stirling numbers

Corollary 2.3
If (1,F)q = [Bok(@)lnk>0 Where F = 37, f(n)a- then

Pk (d) = > f(IBaf) - f(|Bk)a™™

m={B1,...,Bk }€Mn «

with Bp0(q) = 1 and 3, 0(q) = 0forn > 1.

What happens if f(n) = 1 for alln > 1?

i n
Z q|nv(7r) — { }
el k q

is the g-Stirling numbers of the second kind. Since
F=eq(t)-1= nZOrqu—l,

n| t"  (eq(t)—1)X
Z{k}qn_!q_ ; klq '

n>k



lll. Applications

e G.-S. Cheon, J.-H. Jung, S.-R. Kim, New g-Laguerre polynomials
having factorized permutation interpretation, J. of Math. Anal. Appl.,
470 (2019).

e G.-S. Cheon, J.-H. Jung, The g-Sheffer sequences of a new type
and associated orthogonal polynomials, Linear Algebra Appl., 491
(2016), 171-186.



g-Sheffer sequence (C & Jung, 2016)

A polynomial sequence {sn(X; )}y, is said to be a g-Sheffer
for a pair (g, f) if there exist g € £4(0) and f € £;(1) such that

> sn(xia) g = gl

n>0

where eq(t) = >0 t"/[n]g!.



g-Sheffer sequence (C & Jung, 2016)

A polynomial sequence {sn(X; )}y, is said to be a g-Sheffer
for a pair (g, f) if there exist g € £4(0) and f € £;(1) such that

> sa(x; q)% = geq[xf]

n>0 [n

where eq(t) = >0 t"/[n]g!.

Theorem (C & Jung, 2016)

Let sn(X; Q) = Y p_odnkXX. Then {sn(x; ) tnen, IS @ g-Sheffer
for the pair (g, f) if and only if its coefficient matrix [dp k] ken, IS
the g-Riordan array (g, f)q.



g-Laguerre polynomials (C, Jung & Kim, 2019)

TGP L B2
;L” 0O = @



g-Laguerre polynomials (C, Jung & Kim, 2019)

TGP L B2
gL” 0O = @

e How can we define the g-analog of Laguerre polynomials?



g-Laguerre polynomials (C, Jung & Kim, 2019)

oo

1 Xt
Z =~ _ein,
nI (1 +t)att

e How can we define the g-analog of Laguerre polynomials?

Define q-Laguerre polynomial Lﬁa)(x; q) to have the Eulerian

GF:
a) 1 xt
S - (e ) 28]

n>0



g-Laguerre polynomials (C, Jung & Kim, 2019)

oo

1 Xt
Z =~ _ein,
nI (1 +t)att

e How can we define the g-analog of Laguerre polynomials?

Define q-Laguerre polynomial Lﬁa)(x; q) to have the Eulerian

GF:
(@) 1 xt
ZL (x; q (H1+ql+lt> [1+t]'

n>0

If g — 1 then Lf{l)(X; q) — Lga)(x)-



g-Laguerre polynomials (C, Jung & Kim, 2019)

oo

1 Xt
Z =~ _ein,
nI (1 +t)att

e How can we define the g-analog of Laguerre polynomials?

Define q-Laguerre polynomial Lﬁa)(x; q) to have the Eulerian

GF:
(@) 1 xt
ZL (x; q (H1+ql+lt> [1+t]'

n>0

If g — 1 then L (x; q) — LY (x).
. {Lﬁa)(x; q)} is the g-Sheffer for the pair

neNy
Mt
jzol—i—qut’l—i—t '



Orthogonality

e The first few polynomials:

LYxq) = 1,

LiY(x:a) = x —qla+1q,

LSx:q) = x2 = [2lgla + 2lgx + q2[a + Lgla + 2]
L(q) = x°—(q + [2lglo + 2lq + o+ 4]q)x?

+[3]qla + 2Jgler + 3Jgx — a®[a + Lg[er + 2]g[ax + 3]g.



Orthogonality

e The first few polynomials:

Lgl x;q) = 1,
L{
L{

X;q) = X —d[a+1]q,

x;q) = x2—[2gla+ 2gx + g?[a + Uqgla + 2]q

L(x:q) = x3—(q+ [2lqlo + 2q + [o+ 4lq)x>

+[3Jgler + 2Jgla + 3lgx — q3[a + Lg[a + 2]g[e + 3]q.

|
|
(
|

° Lﬁf’)(x; q) are orthogonal that satisfy

@)

L (x;q) = (x —gn +a + g — (gL (x; a) — alnlq[n + alqL{™, (

where Lgo‘)(x;q) =1and L(la)(x;q) =X — q[a + 1]q.



k-factorized permutations

Let F x be the collection of k-factorized permutations
p:=p1/p2/---/pk Of [n] where min p; < --- < min p.

Fsp = {1/23,1/32, 12/3, 21/3, 13/2, 31/2}.

In particular, 7y, 1 is the collection of permutations of [n].

e An entry of a permutation is called a right-to-left minimum if it
is smaller than all the entries on its right.

o Let }‘r(ff() C Fnrak Suchthat1,2,..., « are in the first factor of

p, and they are right-to-left minima.
142/73/65 € F{)
e inv(142/73/65)=inv(1427365).



Combinatorial interpretation by k-factorized
permutations

Theorem 2.3 (C, Jung & Kim, 2019)

Let L (x:q) = S20_o(—1)"*a, (q)xX be the g-Laguerre
polynomials. Then

5 k Z qép—a-i-mv

pe}' k+1

where £, is the length of the first factor in p.




Combinatorial interpretation by k-factorized
permutations

Theorem 2.3 (C, Jung & Kim, 2019)
Let L (x:q) = S20_o(—1)"*a, (q)xX be the g-Laguerre
polynomials. Then

ank(@) = Y gt

(@)
pe}-n,k+1

where ¢, is the length of the first factor in p.If g = 1 then

- n'/n+a
ank(q) = |}—rg,k)+1| k! <k + a)




Example

Since

FY) ={12/34,12/43,123/4, 132/4,312/4,124/3,142/3,412/3},

Z qu—2+inv(p) =14+ 2q + 2q2 + 2q3 + q4

PEFL)

Thus

2
Lga)(X;CI) _ Z(_l)Z—k Z qlfp—a+|nv(p) xk

k=0 pEfz(f’f(Ll

= 0%(1+29+39%+39®+29* +q°)
—(1 429 +29% +29° + g*)x +x2.



g-rook numbers (Garsia and Remmel, 1986)

e A board is a subset of an n x n grid of squares. Let

B = (A1, A2, ..., \¢) be a Ferrers board with ¢ building blocks of
height A1, A2 ..., Ay that satisfies A\; < Ay --- < Ap.

e If ¢ = )\, then ¢ non-attacking rooks can be placed on the
board B. B is called complete.

e Two rooks placed in squares (i1, j;) and (iz,j,) are
noncrossing if iy < i, and j; < j».
e The g-rook number ry (B, q) for a Ferrers board B is

n(B,q)= Y g™,

CECk(B)

- Ck(B) is the collection of all placements of k non-attacking
rooks on B,

-inv(C) is the number of squares of B not crossed out after
applying the rule: first cross out all squares which either contain
a rook, or are below or to the left of any rook.






IEE

=

-
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g-Laguerre polynomial in terms of g-rook numbers

We show that the g-Laguerre polynomial Lﬁ,a)(x; q) can be
expressed in terms of g-rook numbers r (B, Q).

Let Bflak) be the set of complete Ferrers boards
B = (A1,...,Anta) Of length n + a with k different heights that
satisfies \y1o—m+1 = ... = Anta = N+ a Where

m times
a<m<n+a-k+1.

Let Cr(]ak)(B) denote the collection of all placements of n + «

non-attacking rooks on a board B € Br(]alz satisfying the following
conditions:

(i) there are k rooks which have no squares above them;
(i) rooks in the first o top rows are pairwise noncrossing.



Complete g-rook number

We call the g-rook number on the complete Ferrers board
complete g-rook number denoted as r(a)(B q), i.

nea)= Y qm™e

Cean( )

Theorem (C, Jung & Kim, 2019)

Let L (x:q) = S20_o(—1)"*a, (q)xX be the g-Laguerre
polynomial. Then

ank(@)= Y. q*®=rl9 (B,q)

(@)
BeBn kil

where #(B) is the number of squares on the top row of the
board B.




Example Leta=3,n=2and k =2. Then3 <m < 4 and

BS) = {B1 = (2,2,5,5,5),B2 = (2,5,5,5,5),Bs = (1,5,5,5,5)}
Thus there are 10 placements:
() C5)(B1)

Bat
(i) C5)(B2)

i:
x |
(ii)) C§)(Bs)




Example Leta=3,n=2and k = 2. Then
3
g% ={B1=

(2,2,5,5,5),B; = (2,5,5,5,5),B3 = (1,5,5,5,5)}

i) r{J)(Br,a)=1+q

=5 0
=10 B
(i) rs(B2,q) = q+0? +q° + ¢
Eami =i =i =i
1+‘? ” i | Ilr 1 ” . )
(iii) r{3(Bs,q) =1+0q+0>+¢°

'f__ :_"1 o 1 H ¥
=1 =aniN EOOOT &

Thus [x]Lf)(x; q)=1+29+29°>+29°+29*+q

D



Concluding Remarks

¢ g-Riordan arrays are very natural g-analog of (exponential)
Riordan arrays, and it gives immediately g-analog of Sheffer
sequences: such as

- Hermite polynomials,

- Bernoulli polynomials,

- Euler polynomials,

- Bessel polynomials,



Concluding Remarks

¢ g-Riordan arrays are very natural g-analog of (exponential)
Riordan arrays, and it gives immediately g-analog of Sheffer
sequences: such as

- Hermite polynomials,

- Bernoulli polynomials,

- Euler polynomials,

- Bessel polynomials,

¢ g-Riordan arrays could be used for obtaining new g-analogs
of combinatorial objects and their combinatorial interpretations.



Thank you!
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