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Abstract

We express exponential generating functions counting
permutations by the peak number, valley number, double
ascent number, and double descent number statistics in terms
of the exponential generating function for Chebyshev
polynomials. We give a combinatorial proof of this result using
monomino-domino tilings, inclusion-exclusion, and the
modified Foata—Strehl action (“valley hopping"). We also give
a cyclic analogue.

Joint work with Yan Zhuang (Davidson College)
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Eulerian polynomials

Definition

For a permutation 7 = 7y - - - 1y € &, we say that
i€{l,...,n—1} is a descent if 7t; > 71;11. Define des(7r) to be
the number of descents of 7. We define the Eulerian polynomials

by
An(t) = Y tdes(D)

neGy,
where des(7t) denotes the number of descents of 7.

These have egf

e(l-t)x _ 1

(o) Xn
Altix) = Y Anlt) e = T o

n=1



Eulerian polynomials evaluated at —1

Fact
Evaluating the Eulerian polynomials at —1 gives a signed version of

the tangent numbers.

An(—1) = (~1)("D/2E, if nis odd, O
! o, if nis even,

where E,, is the nth Euler number defined by

o] X"
) Ep— =sec(x) +tan(x).
n=0 n

These count alternating permutations of odd length.



Peak polynomials evaluated at —1

Story time

One lazy day in May 2018, Yan Zhuang was evaluating other
permutation statistic polynomials at —1.



Peak polynomials evaluated at —1

Story time

One lazy day in May 2018, Yan Zhuang was evaluating other
permutation statistic polynomials at —1.

Definition
For a permutation 7T = i1 - - - 7T, € G, We say

i€{2,...,n—1} is a peak if m;_1 < 7t; > 7mjy1. The peak
polynomials are defined by

PRk(t) = Y Pk(m),

eSS,

where pk(7t) denotes the number of peaks of 7.

These have egf

x" 1

PPK(t; x) := ;Pﬁk(t)ﬁ T VI_tcoth(xy/I—t) -1



Peak polynomials evaluated at —1

n |1 2 3 4 5 6 7 8 9 10

==

PK(-1) |1 2 2 -8 —56 -112 848 9088 25216 310528

This sequence appears in the OEIS as A006673, and its exponential
generating function is the logarithmic derivative of that of the Pell
numbers 1, 0, 1, 2, 5, 12, 29....


https://oeis.org/A006673
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Peak polynomials evaluated at —1

n |1 2 3 4 5 6 7 8 9 10

==

PK(-1) |1 2 2 -8 —56 -112 848 9088 25216 310528

This sequence appears in the OEIS as A006673, and its exponential
generating function is the logarithmic derivative of that of the Pell
numbers 1, 0, 1, 2, 5, 12, 29....

Questions
Starting with our combinatorial interpretation of P,'?k(t),
1. Is there a (cancellation-free) combinatorial interpretation of
the sequence PEX(—1)? Open
2. Is there a combinatorial explanation of the fact that the egf for

PE*(—1) is the logarithmic derivation of the egf for the Pell
numbers? Yes!


https://oeis.org/A006673

Peak polynomials evaluated at —1

Story time

Much of the present work was done during Permutation Patterns
2018 at Dartmouth.



Eulerian and peak polynomials evaluated at —1
Interestingly, the egf for A,(—1) is the logarithmic derivative of the
egf of an even simpler sequence.

n‘01234567 8 9 10 11 12

fA/1 0 1 0 1 0 1 0 1 0 1 0 1
g1 0 1 2 5 12 29 70 169 408 985 2378 5741
an i = cosh(x)
n>0 n:
Zg,, = 2cosh(xxf) \/Esinh(xx/i))
n>0 !
Theorem
d
o F(x)
Al(=1- _ dx
(2) A(=1ix) = 222
$G(x)




...with a cyclic analogue for derangements

Theorem

() A1) = B0
(b) PP(—1;x) = j(;%))()
(© D(-1x) = 75

(4) DPH(~1ix) = g

where D(t; x) and D (t; x) are derangement analogues TBD



...with a cyclic analogue for derangements

Theorem

() A1) = B0
(b) PP(—1;x) = j(;fi))()
(© D(-1x) = 75

(4) DPH(~1ix) = g

where D(t; x) and D (t; x) are derangement analogues TBD

These are all straightforward to prove with known generating
function formulas. We will give a simple combinatorial story

instead.



Generalizing to Chebyshev polynomials
Definition
Define polynomials U,(s, t) by the recurrence
Un(s, t) = 2tUs—1(s, t) — sUn—2(s, t)

for n > 2 with initial values Up(s, t) =1 and Ui (s, t) = 2t. These
are a two-parameter variant of the Chebyshev polynomials of the
second kind.



Generalizing to Chebyshev polynomials

Definition
Define polynomials U,(s, t) by the recurrence

Un(s, t) = 2tUs—1(s, t) — sUn—2(s, t)

for n > 2 with initial values Up(s, t) =1 and Ui (s, t) = 2t. These
are a two-parameter variant of the Chebyshev polynomials of the
second kind.

Then

n |2 3 4 5 6

o 1 0 1 0 1

gn 1 2 5 12 29
Upo(s, t) |1 2t 4t>—s 8t3—4st 16t* — 12st? + 52



V(s, t; x)

We will work with the shifted exponential generating function

00 Xn+2 X2 3 4

V(s t;x):= ZOU,,(S, t)m 5 —|—2t?+(4t2—5)%+---

Note that

F(x)=14V(-1,0;x) and G(x) =1+ V(-1,1;x).



V(s, t; x)

We will work with the shifted exponential generating function

© Xn+2 X2 3 4

V(s t;x):= ZOU,,(S, t)m 5 —|—2t?+(4t2—5)%+---

Note that
F(x)=14V(-1,0;x) and G(x) =1+ V(-1,1;x).

It is known that

& Xt sinh (xVt2 —s)

Un(s, t = ¥
n; n( )(n+1)! 2 _s

from which it follows that

te™ sinh t2 —
1—-sV(s t;x) = cosh(xm)etx _ tesinh(x s) .




Permutation statistics

Definition

For a permutation 71 = 171 - - - T, € &, we adopt the
convention that 7tg = 71,1 = oo and characterize each
i€{l,...,n} as either

» a peak if 1ti_1 < 7T > iy,

» avalley if ti_1 > 7 < TTiy1,

» a double ascent if T;_1 < 7; < Ty, OF
» a double descent if t;_1 > 7T; > mTit1.

We denote the number of valleys, double ascents, and double
descents by val, dasc, and ddes, respectively. We also write

dbl = dasc + ddes.



Notation

Definition
For a list of statistics sty, sto, ..., sty, define

P,gstl,stz,.“stm)(tll ty ... tm) — Z t;tl(n) t;tz(n) L t,sr’sm(rc)_
eSS,

and

o0
tq,Sto,...Stm . L (st1,st2,...5tm)
p(stustz,...s )(tlyt2,-..,tm,X) .—;Pn 1R (tl,tg,...,tm)ﬁ.



The distribution of pk, dbl

Theorem (T., Zhuang 2018)
2V (s, t; x)
(pk,dbl) . — _ox v
P (s, x) 1—-sV(s, t;x)
Recall

0o Xn+2 X2 3 4
Vis.tix)i= ), Unls. ) gy = o #2053
L

Using these, we can obtain

1
(pkidbl) (o 5. N _
Preils i = V2 —scoth (xy/t2 —s) — t




Proof

Theorem (T., Zhuang 2018)
2V (s, t; x)
(pk,dbl) . — _ox i
P (s, t:x) 1—sV(s, t;x)

Proof (sketch).

We sketch a combinatorial proof using monomino-domino tilings,
inclusion-exclusion, and valley hopping.



Proof

Theorem (T., Zhuang 2018)
P(pk,dbl)(s tx) = %V(S' t x)

Y 1—sV(s, t;x)
Proof (sketch).

We sketch a combinatorial proof using monomino-domino tilings,
inclusion-exclusion, and valley hopping. We want show that

[(n—1)/2]
Pr(ypk'dbl)(sy t) = Z ZU\B| 105, ) Ujgy—2(s, t) - - Ui, |—2(s, t)

where the second sum is over all ordered set partitions B of [n] into
blocks By, By, ..., By such that every block other than By has size
at least 2.



Monomono-domino tilings

Recall: Un(s, t) = 2tUp_1(s, t) — sUp_2(s, t)

n |2 3 4 5 6

, 1 0 1 0 1

&n 1 2 5 12 29
Upa(s,t) | 1 2t 4t2—s 8t3—4st 16t* —12st? + 52

Proof (cont.).
The right-hand side counts these set partitions together with:

» a tiling of an 1 x (|Byg| — 1) rectangle with two types of
monominoes (colored red and blue), each weighted t, and one
type of domino, each weighted —s;

» for each 1 </ < k, a tiling of an 1 X (| B;j| — 2) rectangle with
the same types of shapes and weights as above;

and each block (other than By) is given an additional weight of s.

o [7] | 6 5<3>2\91




Inclusion-Exclusion

Proof (cont.).

Now we define a sign-reversing involution. Swap between the first
pair of elements (71;, 77j+1) where there is a domino, or where 71;
and 71;,1 are in separate blocks and 71; > ;..

o [7] |6 5<3>2\91
006\5@2\91

Figure: Example of the sign-reversing involution.




Valley Hopping

Proof (cont.).
Valley-hopping induces a bijection between permutations with no
double ascents and a two-coloring on double descents and all

permutations.

ER
{ ]

072653984 o 0265379411800



The quadruple distribution of pk, val, dasc, ddes

The egf for (pk, val, dasc, ddes) then follows from

1
P(pk,val,dasc,ddes)(s' tou v X) — tP(pk,de) <St, 5(” + v); X> _

Theorem (T., Zhuang 2018)
P(pk,val,dasc,ddes) (

Lt V(st (u+v)/2;x)
s, t,u, V,X) - 1— StV(Sty (u—|— V>/2,X>



A cyclic analogue



A cyclic analogue

Definition

Given 71 = /1171 - - - 7T, We say that 7t; is either:
» a cyclic peak if i < 11; > 1Tp,
» a cyclic valley if i > 1 < 714,,
» a cyclic double ascent if | < 11; < 7T,
» a cyclic double descent if i > 71; > 1T, or
» a fixed point if i = ;.

We denote the number of each of these by cpk, cval, cdasc, cddes,
and fix respectively. We also write cdbl = cdasc + cddes.



A cyclic analogue
Definition
Given 71 = /1171 - - - 7T, We say that 7t; is either:
» a cyclic peak if i < 11; > 1Tp,
» a cyclic valley if i > 1 < 714,,
» a cyclic double ascent if | < 11; < 7T,
» a cyclic double descent if i > 71; > 1T, or
» a fixed point if i = ;.
We denote the number of each of these by cpk, cval, cdasc, cddes,
and fix respectively. We also write cdbl = cdasc + cddes.

Definition
We say that i € [n] is an excedance of 7t if i < 71; and let exc(7)
denote the number of excedances of 7t.

Then i is an excedance of 7t iff i is a cyclic valley or cyclic double
ascent of 7t, and it is known that the excedance number exc and
the descent number des are equidistributed over &,,.



More Notation

For permutation statistics sty, sto, ..., st;,, define
D,(,Stl'Stz""Stm)(tl, ty. ... Z st1 st2 7T) L trsrsm(n)
TED,
and
= (st t x"
t1,...S5tm . s .S m
Dstistm) (1t x) Z It )

where D, denotes the set of derangements of n (permutations with
no fixed points).



The distribution of cpk, cdbl

Theorem (T., Zhuang 2018)

1
(cpk,cdbl) . —

b (s.£:x) 1—sV(s, t;x)

Proof.

It suffices to show

(cpk,cdbl) Ln/2] k
Dy P (s, t) = ) s) Uy -a(s.t) - U, -2(s, t)
k=0 B

where the second sum is over all ordered set partitions B of [n] into
parts By, ..., Byi. We interpret the right-hand side as in the first
proof (without the initial block By with an c0) and apply the same
sign-reversing involution. The rest of the proof works similarly using
cyclic notation and “cyclic valley hopping”, due to Sun and

Wang. [



The quadruple derangement distribution

Theorem (T., Zhuang 2018)

D(cpk,cval,cdasc,cddes) ( 1

T 1- stV (st, (u+v)/2;x)
We can use this to obtain the sextuple distribution the sextuple
distribution (cpk, cval, cdasc, cddes, cyc, fix) over all permutations:

s, t,u, v;x)

1+P(cpk,cval,cdasc,cddes,cyc,fix)(s tuv w y'X)

pely—3(utv) "
~ \acosh(lax) — (u+v)sinh(lax) |



Excedance polynomials
The excedance polynomials D,(t) := D&“(t) are well-studied.

(1—t)e ™

D(tix) := D¥(tix) = S —
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Excedance polynomials

The excedance polynomials D,(t) := D&“(t) are well-studied.

(1—t)e ™

D(tix) := D¥(tix) = S —

Corollary

D(t;x) = !

1—tV(t, (14+1t)/2;x)

Corollary

D(—1;x) = F(x)!

This identity can be used to rederive the classical result due to
Roselle that

Dn(—1) = (—1)"2E,, if nis even,
’ o if n is odd.



Cyclic peak polynomials

Corollary
DP*(t;x) = ——
(t:x) 1—tV(t,1;x)
DCpk(t X) _ \V4 1— te_X
' V1 —tcosh(xy/1—t) —sinh(xy/1—t)

n | DEPA(t) n | DEPX(¢)

1 0 5 8t + 36t2

2 t 6 16t + 188t2 + 613

3 2t 7 32t + 86412 + 958¢3

4 | 4t 4512 8 | 64t + 3728t2 + 965613 + 1385t*



Cyclic peak polynomials

Corollary
D (t;x) = ——
(t:x) 1—tV(t,1;x)
V1—te ™
DPk(t; x) = - :
V1 — tcosh(xy/1—t) —sinh(xy/1—t)
n | DEPA(t) n | DSPX(t)
1 0 5 8t + 36t2
2 t 6 16t + 188t2 + 613
3 2t 7 32t + 86412 + 958¢3
4 | 4t 4512 8 | 64t + 3728t2 + 965613 + 1385t*
Corollary

DP(—1;x) = G(x)t

2 3 4 5 6 7 8 9

10

1
DP*(-1) |0 -1 -2 1 28 111 —126 —4067 —26280

53663



Thank youl!

Our paper

» Hopping from Chebyshev polynomials to permutation
statistics, Jordan O. Tirrell and Yan Zhuang, arXiv:1812.10601
(vl: 27 Dec 2018, v2: 12 Jun 2019).

See also

» Hankel Continued fractions and Hankel determinants of the
Euler numbers, Guo-Niu Han, arXiv:1906.00103 (31 May
2019).

» On the joint distribution of cyclic valleys and excedances over

conjugacy classes of S,, M. Crossan Cooper, William S. Jones,
and Yan Zhuang, arXiv:1906.05191 (12 Jun 2019).


https://arxiv.org/abs/1812.10601
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