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Intoduction

@ W= wiws...w,is Catalan wordif wy =0and 0 < w; < w;_71 + 1 for
i=2,3,...,n.

@ C, is the set of length n Catalan words.

s
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Intoduction

Catalan word vs. Dyck words

There is a direct bijection between the set of Dyck words of semilength n
and C, the set of Catalan words.
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Introduction

By definition,

@ Cp(m) is the set of length n Catalan words avoiding ,
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Introduction

By definition,
@ Cp(m) is the set of length n Catalan words avoiding ,

® cy(m) = [Ca(m)l,
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Introduction

By definition,
@ Cp(m) is the set of length n Catalan words avoiding ,
@ cp(m) = |Ca()l,

@ C.(x) is the generating function for the sequence

(¢n(m))n>0 = (ICn(7)[)n>0.

C4(101) = {0000, 0001,0010, 0011, 0012, 0100, 0110, 0111,0112, 0120,
0121,0122, 0123}
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Introduction

Consider two patterns 7 and 7 of length three, and a fixed n. We look for:
@ The number of Catalan words of length n avoiding these two patterns,

@ The structural characterization of the set of words in study and their
enumerating sequences, using generating functions, recurrence or
bijection,

@ Recovering known or obtaining new enumerating sequences,

@ Giving new interpretations of some integer sequences.

Carine Khalil Catalan words avoiding two length three patterns 5/23



Avoiding a length three pattern

From [B. K. V. 2018]

Pattern 7 Sequence c¢p() Generating function OEIS
012,001,010 2n1 =X 4011782
— 1—4x4+5x2—x3
021 (n—1) -12" 241 (1—&% A005183
102, 201 341 .. sl 4007051
2 (1= 3%
—<X
011 nln1) Dy Loz 4000124
1—2x2
000 . T3 3
+v3)" 1-2x—x24
100 L 5T1 #jzxg A057960
2 +1\ ok 1-3x+2x2+x3
110 o (2i1)2 — - x))2<(1 = o)
210 1-5x4+7x2—x3—x*
(1—2x)(1—4x+3x2+x3)
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https://oeis.org/
https://oeis.org/A011782
https://oeis.org/A005183
https://oeis.org/A007051
https://oeis.org/A001519
https://oeis.org/A000124
https://oeis.org/A057960

Avoiding a length three and a length two pattern

0 if 0 =012,
1 otherwise.

e ¢,(00,0) = {
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Avoiding a length three and a length two pattern

0 if o = 0127
e ¢,(00,0) = { 1 otherwise.
0 if g = 0007
° cy(01,0) = { 1 otherwise.
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Avoiding a length three and a length two pattern

0 if o = 0127
e ¢,(00,0) = { 1 otherwise.
0 if g = 0007
° cy(01,0) = { 1 otherwise.
Fn+1 lf g = 0007
e ¢y(10,0) = n if o € {001,011,012},

2n=1 otherwise.
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Avoiding two length three patterns

/ Superflous patterns
C ( ) -~ __—> Ultimately constant sequences
n ﬂ;{ T Y Existing counting sequences

New counting sequences

Number of Catalan words
avoiding two patterns
of length three
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Superfluous patterns

Cn(m,7) = Cp(m)

v

Example
If w contains 7 =210 = w contains 01210 = w contains m = 012
That means, if w avoids 7 = 012 = w avoids 7 = 210

So 7 = 210 is superfluous pattern for m = 012.
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Superfluous patterns

Superfluous patterns

Each pattern 7 € A is a superfluous pattern for 7, for
o A={021,102,120,201,210} and 7 = 012,
A = {102,201, 101} and 7 = 001,
A = {021,102, 120, 201, 210, 100, 101, 110} and 7 = 010,
A = {110,101, 021,102, 201,210} and 7 = 011,
A = {201,210} and 7 = 021,
A = {102,201} and 7 = 101,
A = {210,201} and 7 = 120,
A = {100} and m = 000.
A = {210} and 7 = 110.
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Ultimately constant sequences

(¢ca(012,000)),>1 = 1,2,3,3,0,0, . ..

e C1(012,000) = {0}

e C»(012,000) = {00, 01}

e C3(012,000) = {001,011, 010}

e C4(012,000) = {0011,0110,0101}
e C5(012,000) = @

e C6(012,000) = &

Carine Khalil

Catalan words avoiding two length three patterns

11 / 23



List of obtained counting sequence

ca(m) =
en o Foi1 @ A000125
-1
° 2" ° 2(n—1) o 4045623
P Ut 2" —n
o (n—1)-2"241 e nth Pell number ° A116702
o Frna o Fp—1 @ A034943
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The case of the counting sequence nn=1) 4 q

2

If w avoids 012 and 100, then:

L - J L - J -
0° 1!
or
w = 4[ u s>1,t>1and r>0

gr—’;%rt—"gr—)
0 1 0 1
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The case of the counting sequence nn=1) 4 q

2

S the family of subsets of {2,..., n} with at most two element. A bijection
S — Cn(012,100) is

g - s )
0
K
A
{k} —
S t
0 1

k j
?
{k,j} L
%,_(;sﬁl_) . H—J‘Ir
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New counting sequences

If 7= (021, 110), then we have

_ (x®+3x3-6x2+4x—1)
Coz110(x) = a3

=1+ x +2x% 4+ 5x3 + 12x* + 26x° + O(x5).
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New counting sequences

Let w € C,(021,110). Then, w has one of the following forms:
~ w= 0V
Cn_1(021,110)
_ ow= O(¥+1)
W.1.
W.I.
. w —= LYJ 0 O-.O
S.i.
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New counting sequences

Let w € C,(021,110). Then, w has one of the following forms:

w= 0 \m’ gt x-Co1,110)(%),
Cn_1(021,110)

w= O0(V+1) gf x-(EX -1),

W.i.
w= 01&!4_ gf - (i3 — 1),

W.I.

X4
S.l.
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New counting sequences

With descent,
5 4., 4 3 3 2 _
Cont 110(x,y) = IR ERCte
=1+ x+2x>+ (44 y)x3 + (8 4+ 4y)x*+
(16 + 10y)x5 + (32 + 21y)x6 + O(x7)_
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New counting sequences

Let w € C,(021,110). Then, w has one of the following forms:

w= 0 ¥ gf X C(021,110)(Xay)'
Cn-1(021,110)
w= O(V+1) gf. x-(££-1),
W.i.
w— 01V gf v (§5 D)
W.I.
w= V00.0 gf v 5
S.i.
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Number of Catalan words avoiding 2 patterns of length three

7r\ o 000 001 010 100 011 110 101 012 021 102 201 120 210
000 | Table 6| Fny1 | Faj1 | cs(000) | 1,2333 NEW on-1 123,300 NEW NEW NEW NEW NEW
001 - PLa F—1 n totyp| 2t n 2 4 on-1 o1 D 1 | () enst
010 . C | et n on-1 on-1 n on-1 on-1 on-1 on-1 on-1
100 - - - a057960 | 2(n+1) NEW Pell number "‘%’” +1 2"—n NEW Fanq 4034943 A267905
011 _ _ - _ @JA @+1 MJA n @Jrl @JA @Jrl 2(n—1) @JA
110 - - - - - Table6 | 2'—n |MoBDe1) NEW A116702 NEW 4034943 NEW
101 - - - - - - T R Fan-1 Fap-1 2"—n | (-2t
012 i . . . i i . on-1 on-1 on-1 on-1 on-1 on-1
021 - - - - - - - - (n—1)2"2+1| A116702 |(n—1)2"2+1 4045623 (n—1)2"2+1
102 | - . . . . . . . . Els NEW  |(n-12r2i1|  NEW
201 . . . . . : - . - - pim Fan-1 NEW
120 - - - - - - - - - - - Fan-1 Fan-1
210 - - - - - - - - - - - - Table 6
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https://oeis.org/A057960
https://oeis.org/A034943
https://oeis.org/A267905
https://oeis.org/A116702
https://oeis.org/A034943
https://oeis.org/ A116702
https://oeis.org/A045623

Number of Catalan words avoiding 2 patterns of length three

n\ o 000 001 010 100 011 110 101 012 021 102 201 120 210
000 | Table 6| Fpi1 | Foix | ca(000) | 12333 NEW on-1 12,3300 NEW NEW NEW NEW NEW
001 - 1| p Fo—1 n LUS ST L n LU= ] 2n-1 on-1 D41 | () nst
010 R o on1 | gn1 n on-1 on-1 n on-1 on-1 on-1 on-1 on-1
100 057960 2(n+1) NEW Pell number w +1 2"—n NEW Fon1 A034943 267905
011 - - L S N S R U focl) gy (ool yg| Aoy 2An—1) | "ol
110 - - - - Table 6 2"—n @ +1 NEW A116702 NEW 4034943 NEW
101 - - - - Fon1 | M y1]| 20—p Fon_1 Fon1 2 —n  |(n-1)2m2 1
012 R R R R on-1 on-1 on-1 on-1 on-1 on-1
021 (n=1)2"241| A116702 |(n—1)2" 241 A045623 (n—1)2"241
102 . . . . . i) NEW  |(m-12r241|  NEW
201 - - - - - - Lzl“ Fan-1 NEW
120 R R R R - Fan1 Fan-1
210 - - - - - - Table 6
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Number of Catalan words avoiding 2 patterns of length three

=\ o| 000 001 | 010 100 011 110
000 | Table6| Foi1 | Foy1 | c,(000) | 12333 NEW
001 - 2n—-1 n F,—1 n M +1
010 - U n 2n-1
100 - - - 2057960 | 2(n+1) NEW
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