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Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.

• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.

• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.
• W is closed under (skew) sums with 1.

• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’

• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.

• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.

• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Widdershins spirals

1. ‘Widdershins’ is a Lowland Scots word
meaning “to go anti-clockwise.”

2. W is the downward closure of the
widdershins spirals.
• W is rotationally closed.
• W is closed under (skew) sums with 1.
• W is closed under ‘spiral wrapping.’
• W is finitely based.
• W has a nice structural decomposition.
• W has no infinite antichains.

2 of 11



Widdershins permutations Labeled-well-quasi-order A counterexample

Basis

Proposition (Brignall, E., Vatter; 2018).
The class W has the finite basis which is the rotational closure of ••

•• •
•

•
• •

•

••
•

•
•

•

••

••
•

••

••

•

 .

Proof.
also avoid 3142 =⇒ (skew) sum with 1 X
contain 3142...
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Proof (continued). ••
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Widdershins permutations Labeled-well-quasi-order A counterexample

Structural decomposition

Proposition (Brignall, E., Vatter; 2018).
Every permutation in W may be decomposed as one of the
following:

α

•
α

•
α

•
α

• • •

••
α

Corollary.
The generating function for W is

1 − 4x+ 3x2

1 − 5x+ 6x2 − 2x3 − x4 − 3x5 .

=⇒ gr = 3
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Widdershins permutations Labeled-well-quasi-order A counterexample

Well-quasi-order

A set of graphs or permutations is well-quasi-ordered (wqo) if it
does not contain any infinite antichains.

The set of all graphs under the induced-subgraph order is not
wqo. It contains the infinite antichain of double-ended forks:{

•
• • • • • •

•· · ·
, , ,

· · ·•
• • • • • • •

•
}
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Widdershins permutations Labeled-well-quasi-order A counterexample

Labeled-well-quasi-order

Labeled embedding:

3
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3

0
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7

5

3

0

9

ε

A set of graphs G is labeled-well-quasi-ordered (lwqo) if for any
wqo set of labels L, the set of all graphs from G with all possible
labelings from L does not contain infinite antichains.

The set of (chordless) paths is wqo, but not lwqo:{
• • • •· · ·, , , · · ·• • • • ••◦ •◦ •◦ •◦

}
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A conjecture

Proposition (Pouzet; 1972).
Every lwqo class of graphs is defined by finitely many minimal
forbidden induced subgraphs.

Conjecture (Korpelainen, Lozin, and Razgon; 2013).
A class of graphs which is wqo under the induced subgraph
order is lwqo if and only if it is defined by finitely many
minimal forbidden induced subgraphs.

Theorem (Brignall, E., Vatter; 2018).
The set of inversion graphs of W, GW, is a counterexample.
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A counterexample

Theorem.
The set of inversion graphs of W, GW, is a counterexample.

1. GW is wqo

• implied by W being wqo

2. GW is defined by finitely many minimal forbidden
induced subgraphs.

• Gπ � Gπ−1 , so GW = GW∪W−1

• W ∪W−1 is finitely based
• include those graphs of permutations in the basis of

W ∪W−1 and those which define the split permutation
graphs.

3. GW is not lwqo–there exists a wqo set of labels such that
the set of all possible labelings of all graphs contains an
infinite antichain.
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Thank you.
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