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The Möbius function

The (principal) Möbius function µ[π] is defined on the permutation poset as

µ[π] =

1 if π = 1,

−
∑
λ<π

µ[λ] otherwise

Hall’s Theorem:
µ[π] =

∑
c∈C(π)

(−1)|c|

where C(π) is the set of chains between 1 and π.
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What do we mean by the growth of µ[π]?

Let maxµ(n) be the largest absolute value of µ[π] when π is length n.

Then “growth” attempts to place limits on maxµ(n) as a function of n.

Previously:
• Burstein, Jelínek, Jelínková and Steingrímsson (2011): Is growth

unbounded?
• Smith (2014): Growth is at least O(n2)

• Jelínek, Kantor, Kynčl and Tancer (2018): Growth is at least O(n7).

Today:
• Growth is at least exponential.
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2413-balloons

What is a 2413-balloon?

β

With β not the identity permutation (1, 2, . . . , n) or its reverse.

This is equivalent to the inflation 25314[1, 1, β, 1, 1].
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Finding the growth

Assume that β is a 2413-balloon, and let π be the 2413-balloon of β
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Partitioning the chains

Partition the chains in the poset [1, π] :

• R: Chains where the second-highest element is a reduction

• G: Chains where the largest non-2413-balloon is ≤ 2413.
• B: All remaining chains.

So by Hall’s Theorem

µ[π] =
∑
c∈R

(−1)|c| +
∑
c∈G

(−1)|c| +
∑
c∈B

(−1)|c|
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Chains in G

and B

Can we find an expression for
∑

c∈G(−1)|c|?

Define ΦG(c) =

{
{c} ∪ 2413 if 2413 6∈ c
{c} \ 2413 otherwise

This is an parity-reversing involution on the set G.

So
∑

c∈G(−1)|c| = 0

There is a similar parity reversing involution on the set B.

So
∑

c∈B(−1)|c| = 0
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Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Chains inR.

We have µ[π] =
∑

c∈R(−1)|c|. What can we do with this?

PartitionR based on the second-highest element. Call this ρ. What do the
chains in this sub-partition (Rρ) look like?

π

ρ

1

Chain inRρ

∑
c∈Rρ

(−1)|c| = −µ[ρ]

ρ

1

Chain in [1, ρ]

∑
c∈[1,ρ]

(−1)|c| = µ[ρ]



Finding the growth

So if Red is the set of permutations that are reductions of π, then

µ[π] =
∑
c∈R

(−1)|c|

= −
∑
λ∈Red

µ[λ]



Handling the reductions

Theorem (Burstein, Jelínek, Jelínková and Steingrímsson (2011))
If τ 6= 1⊕ γ, then µ[1⊕ τ ] = −µ[τ ].

β β
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µ[2β14] = −µ[2β1] = µ[1β] = −µ[β]
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Growth is at least exponential

Theorem
Let π be a 2413-balloon of β, where β is itself a 2413-balloon. Then
µ[π] = 2µ[β].

Define π(n) =



1 If n = 1
12 If n = 2
132 If n = 3
2413 If n = 4
2413 } π(n−4) Otherwise

Theorem
For all n, maxµ(n) ≥ 2bn/4c−1.
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Future directions...

Can we find a better lower bound for maxµ(n)?

What about an upper bound?
We know that maxµ(n) ≤ n!. (Zeigler, 1991)

Conjecture

maxµ(n) ≤ 2n

Make the balloon operation more general. Then what can we say about
generalised balloons: α}i,j β?

Experimental results up to length 12 indicates that for most permutations,

µ[α}i,j β] ∈ {±2µ[β],±µ[β], 0}

Further, it appears that µ[α}i,j β] = ±2µ[β] only if β = α}i,j γ.
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Finally. . .

Thank you!
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