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Introduction

If A= {ak}]_, is a finite sequence of real numbers, then

@ A is unimodal if there is an index 0 < j < n such that
a<---<a1<a>a1= = an.

@ A s log-concave if
aJ? > aj_qaj41, foralll<j<n.

@ the generating polynomial, pa(x) := ag + aix + -+ - + apx”, is
called real rooted if all its zeros are real.
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The n-th row of Pascal’s triangle {(})}7_o: (7). (1), (5), ---, (0):

n

The explicit formula () = n!/k!(n — k)! implies

B  _k+n—k+1)

(kil) (k-?—l) k(n — k)
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A basic theorem

Let A= {a,}7_ be a finite sequence of nonnegative numbers.
k=0 q g

(a) If pa(x) is real-rooted, then the sequence A := {ax/(})}i_q is
log-concave.

(b) If A" is log-concave, then so is A.

(c) If Ais log-concave and positive, then A is unimodal.

Remark

We say A is ultra-log-concave if A’ is log-concave.

real-roots = ultra-log-concavity —> log-concavity =—> unimodality

1 1
ay > ak—1ak+1 (1 + k) <1 + n—k) .
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Unimodality and ~-positivity

The sequence A = {ax}}_, is symmetric (or plindromic) with
center of symmetry n/2 if ax = a,_x for 0 < k < n/2.

The linear space of polynomials h(x) = >_7_, axx* € R[x] which
are symmetric with center of symmetry n/2 has a basis

B, = {x*(1+ X)”72k}lt(":/§J.
Indeed, we have the so-called Waring's formula:

[n/2] - n_ i _ .
D M S ot (7l

j=0
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Proof of the symmetric expansion

Let vpj = (—1)fn—ﬁj("J_J) then
n/2
XMy = ng Y (x 4+ y)"Y
j=0

As aj = a,_; (symmetry), we have

d VY e B n—2j
ajx) +ap_ix"7 =ax(1+x""9)
' k —2j—2k
=3 Y ngjux (x +1)"¥
k

=3 > i 1)1
k
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Real-roots and symmetry

If h(x) = 37— X (1 + x)"2k with v, > 0 we say that h is
~v-nonnegative. Since the binomial coefficients are unimodal,
having a nonnegative ~-vector implies unimodality of {ax}}_,.
Let I'] be the convex cone of polynomials that have nonnegative
coefficients when expanded in B,,. Clearly

n m m+n
r.rmcretn

If h(x) = >"7_o akx* € Ry [x] is symmetric with center of
symmetry n/2. If all its zeros are real, then we may pair the
negative zeros into reciprocal pairs

l y4
h(x) = Ax* T [(x+07) (x+1/0;) = Ax TT((14+x)*+(0i+1/0,—2)x),
i=1 i=1

where A > 0. Since x and (1 + x)? 4 (6; +1/6; —2)x are in 'L,
we see that h(x) is y-nonnegative.
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Eulerian polynomials

The eulerian polynomials A,(t) can be defined by
e n
X 1-1t
ZA”(t)ﬁ T 1 tellox
n=0

The first values of A,(t) := an1t + anat? + - + appt™

Ai(t) = t,

Ax(t) =t+

As(t) =t + 4% + 2,

Ag(t) = t 4 1182 + 1163 + ¢4,

As(t) = t + 26t 4 66t + 26t* + t°.
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Combinatorial interpretations

Let &, is the set of permutations on {1,...,n}.

deso = #{i € [n—1]|o(i) > o(i + 1)},
exco = #{i € [n]|o(i) > i},

Proposition

An(t) _ Z t1+desa _ Z t1+eXCO'

geS, ceS,

The equidistribution exc ~ des can be explained by Foata's
transformation
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Unimodal and symmetric property

Proposition

The Eulerian polynomial A,(t) is symmetric and has only real
roots.

Hence A,(t) is y-positive:

t=t,
t+t2=1t-(1+1),
t+a2 3=t (14 t)% + 2t
t+ 1162 + 1183 + t* = (1 + )3 + 8t3(1 + 1).

This formula implies both the symmetry and the unimodality of
the Eulerian numbers.
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Foata-Schutzenberger, Foata-Strehl in 1970’s

Let 0 =01...0, € &, with 0(0) = o(n+ 1) = 0. An integer
i€[1,n]is
@ apeakinoifojiy < o> giy1;

@ a double descent if gj_1 > g; > 0j41.

Proposition

Let a,  be the number of permutations of [n] with k peaks and
without double descent. Then

[(n—1)/2]
An(t)= D anti(L+ )Rk (1)
k=1

V.

Example: If n =4, k =2, then a, , = 8:

2134, 3124, 4123, 1423, 2413, 3412, 1324, 2314
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Derangement analogue

For o € &, a value x = o(i) (i € [n]) is called
e a cyclic peak if i = 071(x) < x and x > o(x);
@ a cyclic double descent if i = 071(x) > x and x > o(x);

Let ©, be the set of derangements in &,,. Consider the
derangement analogue of the Eulerian polynomials:

Z 7 = Dyt 4 Dpot? + -+ Dy pqt" L
O'E@n

Proposition (Shin-Zeng2012)

Let by, i be the number of derangements of [n] with k cyclic peaks
and without cyclic double descents. Then

Ln/2]
Da(t) = Y bnst*(1+1)"% . (2)
k=0
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(—1)-phenomenon for Eulerian polynomials

We can take t = —1 and recover the following combinatorial
interpretation of a classical identity involving the odd Euler number
Expia
0 if nis even,
Z (_1)de57r — Z (_1)exc7r — - - .
o e (-1)z E, if nis odd.
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Statistics

Let 7 = 7(1)m(2) - - - w(n) be a permutation, assume
m(n+1) = n+ 1. A descent (resp. an ascent) in 7 is a triple
(i,m(i),m(i + 1)) such that i € [n] and 7(i) > 7w(i + 1) (resp.
7(i) < (i + 1)). Here 7(/) is called the descent top (resp. the
ascent bottom) and 7 (i + 1) is called the descent bottom (resp.
the ascent top).

Bin Han Permutation patterns: gamma-positivity



Statistics

Let 7 = 7(1)m(2) - - - w(n) be a permutation, assume
m(n+1) = n+ 1. A descent (resp. an ascent) in 7 is a triple

(i,m(i),m(i + 1)) such that i € [n] and 7(i) > 7w(i + 1) (resp.
7(i) < (i + 1)). Here 7(/) is called the descent top (resp. the

ascent bottom) and 7 (i + 1) is called the descent bottom (resp.

the ascent top).

Forall 1 < i< n, w(i) is called a left-to-right maximum if

(i) = max {m(1),7(2),...,7(i)}. An ascent bottom (i)

(i=1,...,n)is called a foremaximum of 7 if it is at the same

time a left-to-right maximum. Denote the number of foremaxima

of m by fmax .

For example, the foremaximums of 4157368€Sg are 5 and 8,

fmax(4157368) = 2.
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(-1)-phenomenon for Derangement polynomials

A parallel result for the even Euler number E;, was first given by
Roselle

Z (_1)des7r — Z (_l)excw _ {(0—1)2E,, if nis even,

o g if nis odd,

A permutation 7 is called coderangement if fmax 7 = 0. Let ©7F
be the set of coderangements of length n.
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Continued fraction of Catalan number

It is well known that Catalan numbers C, = nil (2n") is the

coefficient of the following Stieltjes continued fraction expansion

> 1
E Cz"=———.
n=0

V4
1—

z
1— —
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We define the (g, t)-Catalan numbers C,(t, q) as the Taylor
coefficients in the following continued fraction expansion

> Ca(t,q)2" =

n=0 1—

1
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Vincular patterns

The number of occurrences of vincular patterns 31-2, 2-31, 2-13
and 13-2 in m € &, are defined by

B12)mr=#{(i,j):i+1<j<nand n(i+1) <w(j) < w(i)},
(2-31) = #{(i,j) :j<i<nand (i + 1) < 7(j) < 7(i)},
(2-13) 7 = #{(i,j) : j < i< nand 7(i) < 7(j) < (i + 1)},
(13-2)r =#{(i,j):i+1<j<nand 7(i) < 7(j) < w(i + 1)}.

we use G,(31-2) to denote the set of permutations of length n
that avoid the vincular pattern 31-2.
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Our result

The (g, t)-Catalan numbers C,(t, g) have the following eight
interpretations

Cn(t, q) — Z tdes ﬂqstat TI',
TE€GH(T)

with 7 being a pattern of length 3, and stat being a permutation
statistic. Eight choices for the pair (7, stat) are listed in Table 1.

Table: Eight choices for (7, stat)

# | 7 |stat || # | T stat
1231|132 5231 ] 31-2
2 1312|213 || 6 | 312 | 2-31
3 1213|312 7 |213| 132
4 | 132|231 8 | 132 | 2-13
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Statistics

Define
S,.k(213) := {7 € 6,(213) : dd 7 = 0,des = k},
S,.x(312) := {r € 6,(312) : dd 7 = 0,des w = k},
Snk(132) := {7 € 6,(132) : dd* 7 = 0,des ™ = k},
S,.k(231) := {7 € 6,(231) : dd* 7 = 0,des 7 = k}.

Note that we use the * version to indicate the initial condition
7(0) = w(n+ 1) = n+ 1, while the non-x version means
m(0) =m(n+1) =0.
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Our result

For n > 1, the following ~y-expansions formula holds true

251
Calt,@) = > Yakl@)t (L + )72, (3)
k=0

where

(@)= Y BAT= 3" BT (g

76, k(213) 7€6,x(312)
_ Z g3 — Z g3 (5)
7€, «(132) €6, ,(231)
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Our result

The statistic inversion number is defined by

invr = #{(i,j) : 1 <i<j<nandn(i) >n(j)}

Recall that Carlitz's g-Catalan numbers C,(q) are defined by

Cn(q) = Ca(a.4°). (6)
For any n > 1,
Z ( 1)exc7r invm—excm 0 if nis even,
- q - n—1 ) )
re6,(321) (=9)"7 Caa(q?) if n is odd,
A3 Cola2) ifn i
Z (_1)exc7rqinV7r _ ( q)2 Cz(q ) if n is even,
TEDH(321) 0 if n is odd.
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Statistics

MAD 7 :=des m + (31-2) 7 + 2 - (2-31) m,

fixmi= 3 X(W(i) - i),

1<i<n

wex = exc m + fix m,

where x(A) =1 if A is true and 0 otherwise.
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For m € &, define the crossing and nesting numbers by

crosm =Y _#{j € [n]lj <i<n(j) <n(i)orj>i>mn(j)>n(i)}
i=1

nestm = Z#{j elnlli<j<n()<w(i)ori>j>mn()>n(i)}
i=1

Diagram of 1=93746105812: crosm = 3 and nestm = 10.
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Clarke-Steingrimsson-Zeng's bijection

Theorem (Shin-Zeng)

For any n > 1, there is a bijection ® : G, — &,, such that

(des, fmax, 31-2,2-31, MAD) 7 = (exc, fix, cros, nest, inv) @()

Let

. d fi 31-2 2-31 MAD
An(x,y,q,p,s) = Y xdesTyfmaxm 312 mp(2:31) 7 MAD 7
TeG,
— Z X &x¢ 7ryfix 7'('qu05 wpnest 7rsinv ™

7T€6n
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Continued fraction due to Shin-Zeng

Theorem (Shin-Zeng2010)

(o.0]

14+ An(x,y,q,p,5)2" = —
— a0c1z
n=1 1-— boZ —

31C222

].—blZ—

where, for h > 0,
ah = 52h+1[h + gpss  bn= YPhSZh + (x + q)sh[h]q,ps,
and

ch = xlAlapss  [Aluw = (" = v")/(u—v).

(7)
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Two Lemmas

For any n > 1,

G,(2-13) = G,(213), 6,(31-2) = &,(312),
G,(13-2) = G,(132), &,(2-31) = &,(231).

(i) A permutation m € &, belongs to &,(321) if and only if
nest m = 0. (ii) The mapping ® has the property that
B(G(231)) = Gn(321).
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Two continued fractions of Euler, Rogers

e 1
n+1)Ix" = ,
z_:( )X 1-2x2
n=0 1—2x— 5
2-3x
1—4x—
o0
1
nlx" =
nZ:% 12X2
1—x— Y
1—3x— —
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Combinatorial version by Flajolet, Francon-Viennot

Consider the following Motzkin path = :

2

ai (&)
1 by
ao 1 4o &1
| bo b
0 1 2 3 4 5 6 7 8 9
The weight is w(vy) = a3 a1b3 b1 ¢ c;. Denote by 91, the set of
Motzkin paths of length n > 1. Then

1
1D D winx" = s
”21 'Yemn ]_ —_ bOX —_ 0¢1 5
a1t X

]_—b1X—
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Laguerre history: h = (v; p1,. .., Ppn) With respect to the valuation
ax=k+1, by=2k+2 for k>0, c=k+1 for k>1.

The number of Laguerre histories of length nis (n+ 1)
Restricted Laguerre history: h = (y; p1,. .., Pn) With respect to the
valuation

axr=k+1, by=2k+1 for k>0, c=k for k>1.

The number of Restricted Laguerre histories of length n is n!.
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Two theorems due to Francon-Viennot, Foata-Zeilberger,

Biane

There are bijections between S,+1 and the Laguerre histories of
length n.

| \

Theorem

There are Bijections between S, and the Restricted Laguerre
histories of length n.

N
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Modified Foata-Strehl action

+00

Figure: MFS-actions on 65137428

Let T be permutation with fixed Peaks and Valleys. Then

Z tdes(fr) — tpk(ﬁ)(l + t)n7172pk(7“r)'
weOrb(7)
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Merci de votre attention
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