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Runs and falls

A run is a maximal ascending sequence.
A fall is a maximal descending sequence.
Each permutation is uniquely split

into runs (by descents) ‘7‘1 8‘5‘3 6‘4‘2‘

into falls (by ascents) ‘ 71 ‘ 8 5 3 ‘ 6 4 2 ‘
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| < .
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1 7]3 5 s8[2 4 6]~
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[s5]s 2]4]6]| =
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[5]s 2[4]6]
[1]3]7 5 28 4]6] < .
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[5]s 2[4]6]
[1]3]7 5 28 4]6] .
[1]3 2[5]7 4[]8 6|« .
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[5]s 2[4]6]
[1]3]7 5 28 4]6] .
[1]3 2[5]7 4[s 6] .
[1f2]3]5 4]7 6[s] <
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[5]s 2[4]6]
[1]3]7 5 28 4]6] .
[1]3 2[5]7 4[s 6] .
[1]2]3]5 4]7 6]s]
[1f2]s]4]5]6[7]s] < o
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Flip-sort and pop-stack sorting

Flip-sort is a natural sorting algorithm that proceeds by repeated application of
pop-stack sorting: transformation T that flips all the falls.

[7 1]8 5 3]6 4 2| .
[1]7 3[5]s 2[4]6]
[1]3]7 5 28 4]6] .
[1]3 2[5]7 4[s 6] .
[1]2]3]5 4]7 6]s]
L] ~ |-

Theorem [Ungar, 1982]: Each permutation of size n is sorted by at most n — 1
iterations of T. Equivalently: Tm(7"~1) = {id}.
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https://www.sciencedirect.com/science/article/pii/0097316582900450

p-pop-stack-sortability

Definition. A permutation 7 is p-pop-stack-sortable if it is sorted by (at most)
p iterations of T: TP(w) =1id.

[Avis and Newborn, 1981]: A permutation 7 is 1-pop-stack-sortable (T (7) = id) if
and only 7 is layered.

[Pudwell and Smith, 2017]: The generating function for the number of
2-pop-stack-sortable permutations (T (T (7)) = id) is rational. A structural
characterization of 2-pop-stack-sortable permutations (+representation by forbidden
patterns, +bijection with a family of polyominoes).

[Claesson and Gudmundsson, 2017]: For each fixed p, the generating function for
the number of p-pop-stack-sortable permutations is rational.
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http://cgm.cs.mcgill.ca/~avis/doc/avis/AM80.pdf
https://arxiv.org/abs/1801.05005
https://arxiv.org/abs/1710.04978

The flip-sort tree for n = 4

1234
// \\\
11243 11324 1432 214 2143 3204 4321
423 421 342 314 3142 2BIM 2431 24113
/\ I\
4ap3 4132 312 3421 3412 2p@I 2P 4231

The nodes are the permutations of length n = 4.
Each edge (seen as directed upwards) is an application of T, which flips all falls.
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The flip-sort tree for n =5

-
2-pop-stack
sortable

1-pop-stack
sortable
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The flip-sort tree for n =5

Im(7T) ' -
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The flip-sort tree for n =5
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The image of T
7 € Im(T) if and only if the adjacent runs of T overlap. I

e Im(T)

Exact / asymptotic enumeration of Im(T) is challenging.
See our paper [Pop-stack sorting and its image] (EuroComb 2019).
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https://lipn.univ-paris13.fr/~banderier/Papers/popstack.pdf

The image of T
7 € Im(T) if and only if the adjacent runs of T overlap. I

¢ m(T)

Exact / asymptotic enumeration of Im(T) is challenging.
See our paper [Pop-stack sorting and its image] (EuroComb 2019).
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https://lipn.univ-paris13.fr/~banderier/Papers/popstack.pdf

Flip-sort: the movie

Flip-sorting of a permutation of size n=400
t=1
400
00 x . R .
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http://lipn.fr/~cb/Papers/popstack.html

Im(TP) and the width of a permutation

Theorem (about the width)

Let 7= (a1 ap ... a,). If 7 € Im(TP), then for each i (1 < i< n) we have
lai—i|<n—1-—p.

Im(T") Im(7?) Im(77%) Im(7%)
(In these images: the theorem says that the grey areas are empty.)

NB: For p = n — 1, we recover Ungar’s result: Im(7"~!) = {id}.
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The wiring diagram

This is the “usual” wiring diagram: paths connect occurrences of the same letter.

5423 1)
2 451 3
2 415 3]
2 1 4 3 5]
123 45
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The wiring diagram

This is the “usual” wiring diagram: paths connect occurrences of the same letter.

5423 1)
2 451 3
2 415 3]
2 1 4 3 5]
123 45

In this proof, another kind of wiring diagrams (introduced by Ungar) is used.
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The shadow wiring diagram

Choose k (1 < k< n-—1)anddenote: S={1,...,k}, L={k+1,...,n}.
(S = small, L = large.)

The path S; connects the ith (left to right) letters from S.
The path L; connects the jth (right to left) letters from L.

An example with n =5, k =2:

Ly Lo S1 Li S

5 4 2 3 1
2 45 1 3]
2 41 5 3]
2 1 43 5]
1 2 3 4 5]
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The shadow wiring diagram and the dominating paths

S; and L are certain fixed paths. The crucial fact: 5; is weakly to the left of 57,
and L is weakly to the right of L¥. This implies forbidden areas, as claimed.

£=1{3,4,5} S={1,2}

actual dominating
Ly Lo 51 Li 9 Ly Ly L7 57 95
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The shadow wiring diagram and the dominating paths

S; and L are certain fixed paths. The crucial fact: 5; is weakly to the left of 57,
and L is weakly to the right of L¥. This implies forbidden areas, as claimed.

£=1{3,4,5} S={1,2}

. k=2
actual dominating
Ly Lo S Ly S Ly Ly L7 57 95
| R~ 1 | — Im(7T"1)
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The shadow wiring diagram and the dominating paths

S; and L are certain fixed paths. The crucial fact: 5; is weakly to the left of 57,
and L is weakly to the right of L¥. This implies forbidden areas, as claimed.

£=1{3,4,5} S={1,2}

N k=1,2,3,4
actual dominating 23,
Ly Lo S Ly S Ly Ly L7 57 95
| R~ 1 | — Im(7T"1)
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The shadow wiring diagram and the dominating paths

S; and L are certain fixed paths. The crucial fact: 5; is weakly to the left of 57,
and L is weakly to the right of L¥. This implies forbidden areas, as claimed.

£=1{3,4,5} S={1,2}

actual dominating
Ly Lo S Ly S Ly Ly L7 57 95

XA I (T72)
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The shadow wiring diagram and the dominating paths

S; and L are certain fixed paths. The crucial fact: 5; is weakly to the left of 57,
and L is weakly to the right of L¥. This implies forbidden areas, as claimed.

£=1{3,4,5} S={1,2}

N k=1,2,3,4
actual dominating T

Ly Lo S1 L1 S Ly Ly LSS

XA I (T72)
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Characterization of Im(7"2)
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Characterization of Im(7"2)

By the previous theorem, m = a1 ... a, € Im(T™2) must satisfy |a; —i| < 1 for eachi ...
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Characterization of Im(7"2)

By the previous theorem, 7 = a1 ... a, € Im(T™~2) must satisfy |a; —i| < 1 for eachi ...
A WA 'Y

y i
L] L] L] L] L] L] L] L)
L] L] L] L] L] L] L] L]
L] L] L] L] L] L] L]
L] L] L] L] L] L] L] L]
L] L] L] L] L] L] L] 0,
77 VvV
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Characterization of Im(7"2)

A permutation T = a1ay . .. a, belongs to Im(T"~2) if and only if
@ 7 is thin, that is: |a; — i| < 1 for each i, and
@ 7 has no inner runs of odd size.

This implies

2n/2=14 2n/2 _ 1 for even n
n—2y| _
[Tm(7"7%)| = { o(n+1)/2 _ q for odd n
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Characterization of Im(7"2)

A permutation T = a1ay ... a, belongs to Im(T"~2) if and only if
@ 7 is thin, that is: |a; — i| < 1 for each i, and
@ 7 has no inner runs of odd size.

This implies

2n/2=1 1. 2n/2 _ 1 for even n
n—2\| _
[T (T"%)[ = { 2(nt+1)/2 _q for odd n

Proof. (1) If 7 € Im(T"2), then it is thin by the theorem about the width.

L\ _ 22
L[] L[] L[] L[] L] L] L] L)
L[] L[] L[] L[] [ ] L] [ ] [ ]
L[] L[] L[] [ ] L] [ ] L]
L[] L[] [ ] L[] L] L] [ ] L]
L] L] L] L] L] L] L] o,
77 VvV
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(2) If 7 has odd inner runs, then 7 & Im(T"~2?)

Idea of the proof: We adjust the argument with the wiring diagram...

L={5} M={234} S={1}
oYY v
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(2) If 7 has odd inner runs, then 7 & Im(T"~2?)

Idea of the proof: We adjust the argument with the wiring diagram...

L={5} M={234} S={1}
oYY v

T[2]1 3 5]4]
v
12 3 4 5]

An odd inner run in 7 € Im(T"~2) implies a “conflict” between dominating lines.
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(2) If 7 has odd inner runs, then 7 & Im(T"~2?)

Idea of the proof: We adjust the argument with the wiring diagram...

L={5} M={234} S={1}
oYY v

T[2]1 3 5]4]
v
12 3 4 5]

An odd inner run in 7 € Im(T"~2) implies a “conflict” between dominating lines.
As a result, we can modify some of them. It follows that one part (S or L) is sorted
earlier than in n — 2 steps — contradiction. (In this example: if the red line is
modified, we obtain 7 = 1 % x x x.)
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Let 7 be the thin permutation

with runs of sizes rq,ry, ..., 7y,
where 79,73, ...,75_1 are even.

Let 7 be the skew-layered permutation
with runs of sizes rg, 7, 1,...,71.

Then 7= T""2(r).
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(3) If 7 is thin without odd inner runs, then 7 € Im(7"?2)

Let 7 be the thin permutation
with runs of sizes rq,ry, ..., 7y,
where 79,73, ...,75_1 are even.

Let 7 be the skew-layered permutation
with runs of sizes rg, 7, 1,...,71.

Then 7= T""2(r).

Example: 7=[2[1 4[3 5 6 8|7 9]
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(3) If 7 is thin without odd inner runs, then 7 € Im(7"?2)

Let 7 be the thin permutation 71_:‘8 9‘4 5 6 7‘2 3‘1‘
with runs of sizes rq,ry, ..., 7y,
where 79,73, ...,75_1 are even.

Let 7 be the skew-layered permutation
with runs of sizes rg, 7, 1,...,71.

Then 7= T""2(r).

Example: 7=[2[1 4[3 5 6 8|7 9]
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(3) If 7 is thin without odd inner runs, then 7 € Im(7"?2)

Let 7 be the thin permutation 71_:‘8 9‘4 5 6 7‘2 3‘1‘
with runs of sizes rq,ry, ..., 7y,
where 79,73, ...,75_1 are even.

Let 7 be the skew-layered permutation
with runs of sizes rg, 7, 1,...,71.

Then 7= T""2(r).

Example: 7=[2[1 4[3 5 6 8|7 9]
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2-pop-stack-sortable permutations

4 N
2-pop-stack
sortable

1-pop-stack id
sortable
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2-pop-stack-sortable permutations: structure

A permutation T is 2-pop-stack-sortable, i.e. T(T(m)) = id,
if and only if adjacent falls of ™

either do not overlap (max(F;) < min(Fjt+1))

or they have a short overlap (max(F;) = min(F;41) + 1).
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2-pop-stack-sortable permutations: generating function

The bivariate generating function for the number of 2-pop-stack-sortable
permutations is

x(1+ x%y)
1—x—xy —x%y —2x3y2’

A(X’y) =

where x is the variable for the size, and y for the number of ascents.

r 1 1
2 1 1
3 1 4
4 1 6 8 1
5 1 8 20 12 1
6 1 10 36 48 16 1
7 1 12 56 116 92 20 1
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2-pop-stack-sortable permutations: generating function

The bivariate generating function for the number of 2-pop-stack-sortable
permutations is

x(1+ x%y)
1—x—xy —x%y —2x3y2’

A(X’y) =

where x is the variable for the size, and y for the number of ascents.

y: 0 1 2 3 4 5 6
x: 1 1

2 11 The sequence (a2q+1,n):

3 1 4 1 1, 4, 20, 116, 708, 4452, ...

4 1 6 .8 1 OEIS A085458 777

5 1 8 20 12 1

6 1 10 36 48 16 1

7 1 12 56 116 92 20 1
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https://oeis.org/A085458

2-pop-stack-sortable permutations: generating function

The bivariate generating function for the number of 2-pop-stack-sortable
permutations is

x(1+ x%y)
1—x—xy —x%y —2x3y2’

A(X’y) =

where x is the variable for the size, and y for the number of ascents.

g 0 1 2 3 4 5 6
r: 1 1
9 101 The sequence (a2,11,1):
3 1 4 1 1, 4, 20, 116, 708, 4452, ...
4 1 6 .8 1 OEIS A085458 777
5 18 20 12 1 ~> bijective proof on next slides!
6 1 10 36 48 16 1
7 1 12 56 116 92 20 1
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https://oeis.org/A085458

2-pop-stack-sortable permutations with #(asc.)=#(desc.)

Proposition

Let ap, x be the number of 2-pop-stack-sortable permutations of size n, with k
ascents. The generating function of such permutations with #(asc.)=#(desc.) is

3 sari o = /T2
2n+1,n
= 1—7x’

and, accordingly, a closed form for the coefficients is

- 2(_1);2,1,- <2(,,n__,-i)) <n 7 1),

Possible ways of proving:
@ Extraction of diagonal coefficients of a bivariate generating function by means
of residue analysis (+-computer algebra on D-finite functions).
@ Bijection with lattice paths.
(Well developed theory, combinatorial proofs, links to other structures.)
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2-pop-stack-sortable permutations and lattice paths

2-pop-stack-sortable permutations are in bijection with Dyck paths such that
“U-steps having a D-neighbor are 2-colored”:

@ ascent «+— U = (1,1) (no fall overlap: black; short fall overlap: red.)
@ descent «— D = (1,-1)

N .
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2-pop-stack-sortable permutations and lattice paths

2-pop-stack-sortable permutations are in bijection with Dyck paths such that
“U-steps having a D-neighbor are 2-colored”:

@ ascent «+— U = (1,1) (no fall overlap: black; short fall overlap: red.)

@ descent «— D = (1,-1)

N .

Remark. The condition “red U has at least one neighboring D" can be expressed
in terms of marked patterns in lattice paths. The vectorial kernel method
developed in [Asinowski—-Bacher—Banderier—Gittenberger, 2019] allows us to
enumerate lattice paths with forbidden/marked patterns, and, more generally,
combinatorial structures encoded by pushdown automata.
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Proof via lattice paths. Part 1. Dyck paths

The combinatorial specification / generating function for marked Dyck paths:
x encodes semilength,

y marks each occurrence of “U-steps with at least one neighboring D-step”.
F = e¢U (UDUU(F\ @)D) x Seq(UFD)

AT = U

F 1 zy+x(F—1) zyF ryF

xy + x(F(x,y) = 1)
1-xyF(xy)

1—-x+xy—+/(1—x+xy)(1—x—3xy
N VA o )

~  F(x,y)=1+

Andrei Asinowski, Cyril Banderier, Benjamin Hackl
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Proof via lattice paths. Part 2: Bridges

The coefficients az,11,, correspond to bridges (walks ending at the x-axis),
decomposable as a sequence of marked-Dyck paths F, and rotations of such
marked-Dyck paths by 180 degrees (the rotation conserves the pattern constraint,
and thus such rotated paths are also counted by F(x,y)).
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Proof via lattice paths. Part 2: Bridges

The coefficients az,11,, correspond to bridges (walks ending at the x-axis),
decomposable as a sequence of marked-Dyck paths F, and rotations of such
marked-Dyck paths by 180 degrees (the rotation conserves the pattern constraint,
and thus such rotated paths are also counted by F(x,y)).

Ay -

B F F—-1 F—-1 -1

B F(x,y) [ 1—x+xy
Blxy) = 1—-(F(x,y)—-1) \/ 1—x—3xy’

So, the generating function of bridges in which the marked U steps are bicolored is

1+x
1—-7x"

B(x,2) =
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Proof via lattice paths. Part 2: Bridges

The coefficients az,11,, correspond to bridges (walks ending at the x-axis),
decomposable as a sequence of marked-Dyck paths F, and rotations of such
marked-Dyck paths by 180 degrees (the rotation conserves the pattern constraint,
and thus such rotated paths are also counted by F(x,y)).

Ay -

B F F—-1 F—-1 -1

B F(x,y) [ 1—x+xy
Blxy) = 1—-(F(x,y)—-1) \/ 1—x—3xy’

So, the generating function of bridges in which the marked U steps are bicolored is

14+ x
B(x,2) = ”1—7x'

H 1+x 1
To get a closed formula, we notice that oo = (7\/@)

S 2An=0)\ (n—1
which yields Apt1n = Z(l)’Q”'< o )( . )
—i

i=0

— 2x
t= 14+x !
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Conclusion

Results and interesting links:

@ Better understanding of “best case” and “worst case” of flip-sort.

@ Links to lattice paths, stacks, automata theory, computational geometry, etc.
Challenging problems:

e Enumeration of Im(T) [in progress],

e Classification of permutations that satisfy 7"~1(7) = id [in progress],

o Full analysis of flip-sort: algorithmic cost, typical behavior/shape, etc.

Pop-stack sorting of a permutation of size m=1000
=1

1000

1007 %o o &% 4

EPRICRAEAN
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